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using the adiabatic approximation, diverse quantum states of the stationary Schrodinger
equation for a particle in a thin waveguide in a magnetic field are constructed. The problems
of “destruction” of the adiabatic approximation as the value of energy increases and of

replacing this approximation by the approximation of V. P. Maslov’s theory of complex germ
(the complex WKB method) are studied.
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1.THE STATEMENT OF THE PROBLEM: SCHRODINGER EQUATION
FOR A THIN CLOSED WAVEGUIDE IN A MAGNETIC FIELD

In the paper, stationary states of a particle in a three-dimensional quantum thin toric waveguide
with soft walls which is placed in a constant magnetic field are studied. We assume that the
geometric axis of the waveguide is given by the equations ;1 = pgcos(p),x2 = pgsin(p), = 0,
where z1, x2, ¢ dimensionless Cartesian coordinates on R3.

As in part I of the present paper (see [11]), we assume that the thickness of the waveguide is
of the order of u, where p is supposed to be sufficiently small. In this case, the frequency of the
(parabolic) confinement potential is of the order of =2, and the potential is defined by the formula

1

v= g [ B ) (0= p0)” + Do)

We also assume that the magnetic field in the dimensionless variables is sufficiently large (in contrast

to problems treated in [2]-[7]) and is of the order of ~2; thus, the value of this field is p~2H, where
H ~ 1. As far as the frequencies €2 o of the confinement potential is concerned, we assume that
these frequencies are given by the relations

D12, 1) = ) + 12208 (), (1.1)

where 0 < a < 1 and ngg(cp) > ( are some constants and leg(cp) are smooth functions.
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34 BRUNING et al.

In the cylindrical coordinates p, p,( with the axis ( directed along the axis of the magnetic
field, in the one-particle approximation, the wave function ¥/,/p in the waveguide satisfies the
three-dimensional Schrédinger equation

1[ 10 8 1<_a Hp2>2_82

2 Tpap”op T2\ Tap T oo a¢? (1.2)
LA <p—po>2+95(¢,u)<2 v v
2 4 - 5
1 [ 1 Ve P

where E stands for the energy of the corresponding quantum state. The function ¥ must be 27-
periodic with respect to the angular variable ¢.

Introduce new variables y and z by defining them by the relations p = pg+ uy and ¢ = uz. Then
equation (1.2) becomes

1[ 02 1 ( .0 H(p0+uy)2>2_ w2 0?
4(

-+ i + -
2 "oy " (o \ oy 2u po +py)?  02? (1.3)

+ Q3 (o, Wy? + Q3(0, w)2°| U = 2BV,  U(p+2m,y,2,p1) = U(p,y, 2, 1)

To eliminate the parameter u in the denominators of the coefficients of this equation, we pass
from the function ¥ to the following new function W’:

.H 2
U = exp (-2 2pg90> v, (1.4)
1

Then we obtain the following equation for W’:
HY' (p,y, 2, 1) = W> BV (,y, 2, 1), (1.5)

where H stands for the Schrodinger operator

L1 1 ) o\
H= o | i, +ypoH + _y"H
2 | (po + py) Dy 2 (1.6)
_ 82 +QQ( ) 2 :u2 o 62 +QQ( )22:|
ayg 1\¥ 1)y 4(p0 + My)g 8252 2P .
Since W is a 27 periodic function of ¢, it follows that ¥/ must satisfy the Bloch conditions
,7THp2
(¢ +2m,p,(, p) = exp <z 2 °> (@, p, ¢, ). (1.7)

The objective of the paper is to construct asymptotic representations, for small yu, for the eigen-
values E and the eigenfunctions ¥ (p, ¢, (, u) € La(R3) of the spectral problem (1.5)—(1.7).

Let us briefly describe the contents of the paper. In Sec. 2 generalizing results [11] and using the
adiabatic approximation presented in a form of an “operator” separation of variables (see [2]-[7]) we
reduce the original 3-D equation to 1-D equation on the axis of the wave guide. In Sec. 3 we discuss
the situation when the variable thickness of the wave guide is changing very little which allow one to
obtain the “limit long-wave” equation for the wave function on the axis of the wave guide. We give
the semiclassical analysis along with the Reeb graph interpretation of asymptotic eigenfunctions
of the reduced equation on the the axis in sec. 4. Here we discuss the so-called trapped modes
and exited states corresponding to ballistic transport in the wave guide. The construction of the
ultra-short wave functions is similar to the Born approximation, we discuss these functions in sec.
5. We apply to the original problem the Maslov complex germ (the complex WKB method) in
the case when the adiabatic approximation stops working in sec. 6. Some cumbersome technical
calculations are given in the appendix.
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2. ADIABATIC APPROXIMATION

Since the functions Q4 (g, 1) and Q3(p) are smooth, we can apply the adiabatic approximation
in the form of an “operator” separation of variables (see [2]—[7],[11]), to solve the three-dimensional
(singularly perturbed) problem (1.5)—(1.7). Let us seek an approximate solution of the spectral
problem (1.5)-(1.7) in the form

(0,9, 2, 1) = XV (@, 1) (2.1)

1
Here x = x(—iud/0p, 320, y, z, ) stands for a pseudodifferential operator and the function ¥’(p, u)
is the solution of the one-dimensional spectral problem

LY (o, 1) = > EY' (o, 1), (2.2)
where .
L= L(~ipd/dp, 5. 1) (2.3)

stands for (in general, pseudodifferential) operator realizing the “Peierls substitution” (see [24]).
As in part I, see [11], we use here the Feynman—Maslov notation and order.

Substituting (2.1) and (2.2) into (1.5) gives the operator equation
Hx =xL (2.4)

for the operators x and L.
Introduce the operator-valued symbol

1 1 oopr\?
= H H
"=y [(Po + py)? (p“’erpO oY )

62 2 62

“ope Gy’ — "

2 2
Apo+puy)? ~0z2 T O

for the Schrodinger operator
. 1
T = H(—ipd /0o, b, —id/ Dy, y, —id)0z, 2z, ),

1
and also the symbbol x(p,, ¥, y, 2, ) for the operator x = x(—iud/0p, g%,y, z, p) and the symbol

) 1
L(py, @, 1) for the operator L = L(—iud/0yp, g%, w). In this case, the operator equation (2.4) implies
the equation

] 2 . . L 2
H(pp—ind/0p, 0, —i0/0y,y, —i0/0z, 2, L)X (Pe, ¢, Ys 2, 1) = X(Pp—i110/ 00, 0,y 2, W) L(Py, %(u) )
2.6
for the symbols x(p,, ¥, y, 2, ) and L(p,, ¢, 1t).

Let us solve the last equation by using a method of perturbation theory. The following expansion
holds for H:

H(pgm P, _Za/ay7 Y, _Za/azv 2, M) = HO(pgm ©, _Za/ayv Y, _28/627 Z)

2.7
+M7'l1(p<p7§07 _Za/ay7y7 —i@/@z,z) +:u'27-[2(p507907 _Za/ayaya —z'(?/(?z,z) +... ( )

Introduce the notation

H? P
Qe ) = Do, 0) + H?, yo = y0(py, ) = 1o Rp )y 0T ro(pe) = 7
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Then it follows from (2.5) that

%O(pgoa ' _Za/aya Y, _ia/827 Z)

1 p?p 1 (o, 1) 2o 2 . 02 2 2
= - Q - 0 2.
9 [pg <Q(90,u) gy2 T W) =, (e (2.8)
2 2 3772
Hl(pgm ') _Z8/8y7 y) - pg - Qp% - 200 ) HZ(pt,m 2 —28/6y, y)|p¢:0, H=0— 8[)% :

We seek for the symbols x(py, ¢, ¥y, 2z, 1) and L(py,p, ) in the form of asymptotic expansions as
well,

X(Pys 0,9, 25 1) = X0(Dips 0, Y5 2) + X1 (P 05U, 2) + 112 X2(Piss 0,95 2) + - - - (2.9)
LDy, s 1t) = Het(Dy 0) + L1 (P @) + 12 L2(pp, @) + - - -, (2.10)

where, as in part I, the expression Heg(p,, @) stands for the leasing term of expansion (2.10).
Substituting (2.7)—(2.10) into (2.6) and equating the coefficients at like powers of i, we obtain
spectral problems for the corresponding symbols xo(py, @, Y, 2), Lo(Des ), X1(Pps 05 Y5 2); L1(Des @),
X2(Pp, @, Y, 2), and La(p,, ). Strictly speaking, all these functions depend on the parameter p,
because € o depends on p (see (1.1)); we omit this dependence to simplify the notation.
We have already noted in part I [11] (see also [6] and [7], and this also becomes clear from the
subsequent sections) that, to obtain the leading term of the asymptotic formula, one must find

the first two summands in expansion (2.10) and, in some cases (for the “long waves”) the symbol
L5(0, ) as well.

Equating the terms of the order of u(9) in (2.6) gives spectral problems for Xo(Py, ¢, y,2) and
EO (psm 90)7 namel%

L2 o2 Pe (o)’ )
=0 T YY) — 5 + D) + gD( | > Xo ' (Pes @Y
2 [ dy? (0, )7 ( 0) 922 {0 22 \ Q) o (P )
:%élf/f)(pgoﬂ@)x(()y)(pwsmy). (2.11)
Here v = (v1,12) (1 and v» stand for the quantum numbers corresponding to the two “fast

variables,” y and z).
The solutions of (2.11) are

2 2
v p 521(%#) (v) (v) _ +
Hé)p,so—— ‘0< Vet s Vo = 2, ) (1 +1/2) + Qa(p, p) (v2 +1/2),
i (Per ©) 202 \ Q(p, 1) off eff (o, 1) (11 /2) 20, 1) (2 +1/ )(2‘12)

X (D 0,9, 2) = Qip, 1) /4 Qa ()4 (\/Q(so, 1) (y + yo (P, 90)))((”2)(\/92(% 1)z),
(2.13)

where
1

1
xl/4 ok

provided that H, (&) are the corresponding hermite polynomials.

Note that the functions Xé") depend on p, by means of yo(p,, ¢) not polynomially, and thus the

leading term x is a pseudodifferential operator indeed, in contrast to the similar operator in part I
(see [11]).

(M () = xp(—€?/2)Hp (€)
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The manipulations that are quite similar to those used in [11] (see Appendix A) give

) = 00 (1 I Y LS 2B ),
P Q4(p, ) 202(p, 1) ) pi 20203 (¢, 1) g
0 (%(%u)) Py
—1 , 2.14
oo \ (¢, 1) ) 202 (2.14)

The evaluation of the symbol Eg') (Pe» #)|p, =0 without additional assumptions is a rather compli-
cated problem technically. Additional assumptions occur for the case in which the problem under
consideration admits “long-wave” regimes (see part I in [11]). When studying regimes described by
rapidly oscillating functions, the consideration of the symbol ,u2£g/) (Pe>#)|p, =0 gives only a small

correction to the leading term of the asymptotic expansion, and therefore we return to the evaluate
of this symbol in the section devoted to the “long-wave” regime.

Thus, the “essential” part of the symbol L(py,, ¢, 1) is
E(V) —_ H(V) E(V) QE(V) B 2.15
(P s 1) = Hef (Pos 0) + 1LY (Ps ) + 117L37 (Pips ) |pp=0- (2.15)

Applying now the procedure of “quantization,” we define the operators 7:[,5’&), 25”), and f3§”)
by replacing the variable p, in the symbols (2.12), (2.14), and (2.15) by the operators —iud/0y.
Further, we construct the operator £*) by using equation (2.15) and by substituting £*) into

(2.2) instead of £. Finally, taking (1.5) and (2.1) into account, we arrive at the following spectral
one-dimensional problem:

L 0 0) + 1LY (0 0) + 1LY (D @) im0 | W) = 2By (2.16)
,7TH 3 v,mn
W+ 2m) = exp (7110 ) 0 ) (217)

for E™) and *™) in L, indexed by three-dimensional quantum numbers v = (v1,v5),n.

If a solution (2.16), (2.17) is obtained, then the corresponding (asymptotic) solution ¥ of
equation (1.3) can be recovered from ™) by the following

v ~Hp2§0 ~(v ~(v ~(v v ~(v v oL 2
) = exp <—2 2;2 %+ + 2 W =\ (—ipdfor, 2y, 2. (218)

The function X[()V) is defined in (2.13), whereas the functions ng) and xé”) are defined in Appendix B.

It is clear that the magnetic field, together with the confinement potential, defines a metric on
the line R, (or an effective mass depending on ) given by the factor Q%(p, )/ (¢, 1), and also
replaces the periodicity conditions by the Bloch conditions (2.17).

3. LIMIT LONG-WAVE EQUATION

Similarly to [11], the “long-wave” regimes (cf. [12], [16], [25], [19], and [33]) exist only if the
modification of the thickness of the waveguide is small, namely, under the assumption that

(o) = QY 4+ 120 (0), O =const >0, k=1,2 (3.1)
and thus
20(1 (0) 1 ng) ~
O, 10) = 00 +200(p), 90 = \Jall 4 12, a(g) = ()
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Neglecting the summands of the order of o(u?), we can write out the operators generated by the
symbols (2.12) and (2.14) in the form

1Y ~ 0Oy +1/2) + QP (1, + 1/2)

| 1 (e S o 1) 3 5
=g Lo | e TRV H1/2) + Qalp)2 +1/2) | + o),

0
, 3HE, O\ o

L)~ 2y
by K 2039(0)2 8@ +O(:u )

The evaluation of the quantity Egj) (Pg»>#)|p, =0 turns out to be not quite trivial, and the corre-
sponding manipulations (presented in Appendix 2 give

2

(0) 0 _ 2y
3202002 (30w (1 + 1)y + 1507 — 11H”)

Ay 1
L ol -0 = 1§ b+ ot2),
805
The substitution of these expressions into (2.16) and the renormalization of the energy E*™ in
the form

~ 1
Bl — glan) 2 12O (g +1/2) + O (v, +1/2)]
H2

T 322000

1

3.2
8p3 3.2)

(300 (1 + 1)L + 15002 — 1112) +

lead to the equation

+0W () (11 +1/2)+Q2 (@) (1 +1 /2)} P = EEn)qmn)

2
1 (o) & +Z_3HQ,,IQ§O)2 0
205 \ QO ] 992 " 203004 dp

The last equation can be transformed into the following one-dimensional Schrodinger equation with
periodic coefficients (or into a Hill equation)

2
1 QEO) 62 1 A T(v,n (v,n), 7 (v,n
22 (mm op2 " QD () (11 +1/2) + Qo) (v +1/2) | P = EBMm - (3.3)

for the function

, y 3HQ QP (v +1/2)
(vyn) _ 1 (vyn) ,—iap _ V1 _ "1
w - 1/} € bl o = 29(0)2 bl Qlll - Q(O) b} (34)
where )
(v,n (v,n 9 HQtll
O — B >+8<Q(0)2> . (3.5)
The function ™ must satisfy the Bloch conditions (see (2.17) and (3.4)),
o H p? o
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Fig. 1. Real parts of the wave functions on the axis of the waveguide of the original Schrédinger
operator that correspond to long-wave regimes. The case of a single oscillation of a reduced
equation is presented to the left, and the case in which there are three oscillations of this kind
is presented to the right.

As is well known ([17], [18], [21], [32], and see also [10]), the spectrum of problem (3.3), (3.6) in
Ly(R,) is determined by a family of dispersion curves & = ™ (k) on the (k,&)-plane, where
k stands for the quasimomentum, £ for the energy, and n for the index of the zone. We may
assume here that 7n < k < m(n + 1) in the nth zone. Denote the corresponding Bloch function by

9 (@, k). Tt is clear that, to find a solution of problem (3.3), (3.6), one should set

2
k=k,= w(iio - Za) + 2mm(n),

where m(n) is an integer such that

H 2
n < ( M/;O —2a) +2m(n) <n+1.
This gives an eigenfunction y
P =90 (o, k). (3.7)

Using (3.2) and (3.5), we see that

1
B — 2 [Qm)(,,l +1/2) + O (vs + 1/2)]

H2
T 39,200

1

+&UM (k,,) 82"

(301/1 (i + 1O 4 15002 _ 11H2> - (3.8)

Finally, we arrive at the following assertion.

Proposition 3.1. Let the functions Qq 2 be of the form (3.1); let the functions zZ(”’") and the
quantities E®™) be defined by (3.7) and (3.8). In this given by relations (1.4) and (2.18) satisfy the
original equation (1.3) up to O(u?), and the numbers EWn) gpprozimate some eigenvalues of the
original operator mod O(u?).

2
Note that, if u, H, and pg are fixed, the expression i@o — 2« turns out to be large, whereas

the quasimomentum k,, is chosen to be finite. Recall that the number of oscillations of the real are
imaginary parts of the Bloch functions in question on the interval [0, 27] is equal to n, whereas the
Bloch function by itself can be represented in the form

90 (o) = 000 (k)
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where O(v,n) (p, ky,) stands for a nonvanishing 27-periodic function of ¢. Thus, the complete wave
function (1.4) has a rapidly oscillating factor

: Hpgp
exp {2 <kn — o2 v,

and the quasimomentum k,, is only a small correction to the wave number along the axis of the
waveguide. The function ©*>") (¢, k) determines smooth varieties of the amplitude of the complete
wave function along the variable ¢ (see Fig. 1). We also see that, a shift of the spectrum of the
operator in question arises; this shift is generated by the magnetic flow through the area bounded
by the closed axis of the waveguide. The flow thus occurring is a consequence of the so-called
Aharonov—-Bohm effect. However, this effect consists of two parts. The correction —« corresponds
to the displacement of the “actual” axis of the waveguide, namely, it is moved somewhat away from
the circle p = pg, z = 0, and therefore the actual area of the domain bounded by the axis of the
waveguide, as well as the magnetic flow through the domain, are to be corrected, which gives the
additional summand —a.

4. SEMICLASSICAL ASYMPTOTIC RELATIONS

Let us now consider waveguides given by confinement potentials of the form

0
D 2(0, 1) = 95,% + 1201 5 (), 1>~2>0.

After a corresponding re-expansion and a modification of the wave function we obtain a spectral
problem for the one-dimensional periodic Schrodinger operator with the Bloch conditions including
the magnetic flow generated by the Aharonov—Bohm effect and entering the phase factor. Similarly
to the previous case, this leads to a sift of the spectrum, and the shift contains the magnetic flow.

All these effects manifest themselves for the case in which 4 2(¢, 1) depends on ¢ rather strongly,
i.e., under the assumption that the derivatives ag“ are not small as compared with the parameter
. In our subsequent investigations, we dwell on this very situation in detail.

In the case under consideration, we may apply the semiclassical approximation. The classical
Hamiltonian is of the form (2.12), and it can be treated as a Hamiltonian on a circle with noncon-
stant metric.A simple change of variables enables us to reduce the problem with the Hamiltonian
(2.12) to a problem with the Hamiltonian with constant metric; this corresponds to “straightening”
the metric in the principal symbol of equation (2.16). Namely, denote by K the mean value

_ 17T Qe p)
K= 27r/ Qi (e, 1) e (1)

and write

= / Q (4.2)

It can readily be seen that the function ¢(¢) can be represented in the form

d(p) = ¢ + do(p), (4.3)

where ¢o(p) is a smooth 2m-periodic function. Using (4.2), we immediately see that there is a
smooth function ¢(¢) inverse to ¢(¢). Applying (4.3) shows that ¢(¢) is representable in the form

similar to (4.3),
p(¢) = ¢+ wo(9), (4.4)

where po(¢) is a smooth 27-periodic function.
Let us now pass in equation (2.16) from the variable ¢ to the variable ¢. The derivative becomes
i =g(o) 2 o¢> Where

0 1 Q(p,
g(¢) = 85090) lo=p(0) = K Ql((if:l)) o= ()
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1

—

. 2
and the operator £ acquires the form L£(g(¢) 88¢, ©(¢), ). Let us also “correct” the functions t)*™)
by setting ") = \/gz/vj(”’”). In this case, with regard to the formulas

2,0

and o2 o8 92 10¢% 0
_ 3 2 1dg
a0t =9 ag3 T390 942 T 9 94 0

—

2
the symbol of the operator \}gﬁ(g@)) 8‘9¢,g0(¢),u)\/g (up to summands O(p?) which give only a
small correction to the leading term of the asymptotic expansion) becomes

A (o) + 1LY Py, 0) + O, (4.5)

where

(v 1 ~\V ~\V
Ml = papeoPb T 0 0 = e +1/2) 4 Dol )Wz +1/2)lpmsie, (46)
0

£ () a ( H* > 3H (11 + 1/2) (i, 1)

= 1- Py— D } -
K3p§0 (0, ))Qp, ) ' 292(p, 1)) 7 2Kp302(p,p) 7 ‘wzs&(cb) (4.7)

The effective Hamiltonian (the principal symbol) acquires the standard form for the one-dimensional
Schrodinger equation with periodic potential, and therefore practically all considerations of Sec. 2
in [10] concerning the semiclassical analysis of the spectral problem for the operator

H = —h%9%/02% + V (z), h << 1,

with 27-periodic smooth potential V' (x) remain valid for (2.16). The difference is in taking into

account the subprincipal symbol Egy), which leads to the modification of the amplitude and of
the energy levels evaluated according to the standard formulas in [28]. One can carry out the
corresponding considerations both for the equation with “straightened metric” and for the original
equation (2.16), although, certainly, it is more reasonable to present the final formulas in terms of
the original angular variable, and we shall proceed in this way below.

Thus, consider diverse quantum states (regimes described by the spectral problem (2.16)—(2.17)).

The corresponding critical points on the plane (py,, ) are p, = 0, ¢ = go(()y), where go[()y) are the

critical points of the effective potential véfyf)(go) introduced in (2.12). The phase portrait for the
trajectories of the Hamiltonian system with the Hamiltonian (2.12) repeats the standard phase
portrait for the Hamiltonian

1

L. m= K%

The critical points are the same, and the structure of the separation of trajectories into parts
formed by closed and nonclosed trajectories separated by separatrices are analogous. This leads to
the spectrum of the reduced equation which is similar to the spectrum described in Sec. 2 of part 1
[11]; however, some constructions arise due to the new terms (as compared with formula (2.2) of
part 1) and, which is more important, to the influence of the magnetic field on the spectrum. Let

us briefly describe the corresponding asymptotic eigenvalues and eigenfunctions. Assyume that the

function vé?(gp) has only one nondegenerate minimum go[()y) and one nondegenerate maximum gogy)

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 18 No. 1 2011
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Pha;e space Qp¢
}\’ non-contractible 7\5-]

trajectories

_______________________ "'

contractible trajectory

Phase space R 2 $ 1

separatrices ¢max 27T @min 2T Pax Bmin  Pnax+2 T Gmint2 7T A3

Fig. 2. In the upper figure we show the phase space in the form of a “deformed cylinder” and
indicate closed trajectories on this cylinder that are classified by using points on the edges of
the Reeb graph (above and to the right). In the lower figure we show trajectories (the phase
portrait) of the same trajectories which are now drawn on the phase plane R?%@. To trajectories

on the cylinder there correspond closed trajectories on IR%W,, whereas nonclosed trajectories
correspond to noncontractible trajectories on the cylinder. The contractible and noncontractible
trajectories are separated by separatrices.

on the interval [0,27]. Note that, in contrast to the example in Sec. 2, the points go ) and gp(y)
depend on v. Write V%) = v(y)( g/)) and V% = v(y)( §”)).

min
To make our exposition more complete, we present the corresponding figure (see Fig. 2) and the

comments of [10] related to this simplest case. Since v( )( ) is periodic, it follows that the phase
space of the Hamiltonian system corresponding to (2. 12) can also conveniently be represented as
a “deformed” cylinder (see Fig. 2) in a space with vertical axis showing the values of the classical
effective Hamiltonian (the energy). The sections of this cylinder that correspond to diverse values of

energy give diverse closed curves (trajectories) on the cylinder p , to which closed and nonclosed

trajectories on the Euclidean phase plane correspond. It is appropriate to characterize each of these
trajectories by points on the edges of the Reeb graph G (which is a topological characteristic of
the Morse function) of the effective Hamiltonian (see [8] and [10]). To the minimal value of the

effective Hamiltonian V') there corresponds a point at the “bottom” of the cylinder, the rest points

min
(factorized mod 27) on the Euclidean phase plane Rp and the beginning of the edge 7; of the

QO’
Reeb graph G. To the energies in the interval (V(V) Vrg;)x there correspond contractible trajectories

min’
on the cylinder Q? closed trajectories on the phase plane ]R%W (factorized mod 27), and the

P’
interior points of the edge ¢; of the Reeb graph G. To the value of energy Vn(m)X there corresponds the
upper endpoint of the edge 71 and the lower endpoints of the edges i9 3 of the graph G, and also the

trajectories in the form of “figure-of-eight” on the cyhnder p » and the separatrices on the plane

R2 . After the effective Hamiltonian passes the value Vmax, two curves (still closed but already

noncontractlble) occur in the cylinder R? . and two infinite trajectories on the plane ngw (whose

D)
momenta p,, are periodic with respect to ¢) correspond to these curves. Each of these trajectories
is characterized by a point on the edge i5 of the graph G (the lower curve) and a point on the edge

iz of G (the upper curve). It is natural to use action variables as quantitative characteristics. These
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2r 2r

Fig. 3. The real parts of the wave functions on the axis of the waveguide of the original
Schrodinger operator that correspond to trap states in the lower underbarrier domain. The
case of a single oscillation of the reduced equation is shown to the left, and the case in which
there are two such oscillations is presented to the right. On the Reeb graph, to these states there
correspond the lower points of the edge 71 and neighborhoods of the bottom of the deformed
phase cylinder, i.e., of the rest points on the phase plane in Fig. 2.

variables are as follows: the variable I' equal to the area, of a closed trajectory on }R?% > divided

by 27, and the variables I? and I that are equal to the areas of curvilinear trapezia, bounded by
nonclosed curves on ]R%W and segments of vertical lines ¢ = 0, = 27, divided by 27. Thus, the
action variables I/ define a one-to-one correspondence between the points of the Reeb graph G and
the values of the effective Hamiltonian ”Héy) = Hé? (I7), j = 1,2,3. When constructing asymptotic
eigenfunctions, the values I7 range over a discrete set (these are quantized by the Bohr—Sommerfeld
rule), which gives a family of points on the graph G; their projection to the energy axis gives a
part of the spectrum corresponding to the index v of the “subzone of dimensional quantization” of
the waveguide.

4.1. Trap states (trapped modes). The lower underbarrier domain. Similarly to Sec. 2

of part 1, eigenvalues are localized in a neighborhood of Vrg;)l, which also means that the numbers
nu are sufficiently small; to these values there correspond the lower points of the edge iy of the

Reeb graph G. In this case, one can use the approximation of harmonic oscillator and write

v,n v v Q () aQU(V) v
B = o (68) + pln +1/2)w0 + O(2), woZPO( “ ) ) \/2 o @) (@3)
2(e)) 0

The wave functions are localized in a neighborhood of go(()V) + 2wk, k = 0,+£1,..., and these

functions have the following form in a neighborhood of the point go(()V):

YO () = C™ exp(—€2/2)Ho(€), € = Voo — o), (4.9)

where C(") stands for a normalizing constant. In order to obtain functions ¥ () satisfying the
Bloch condition (2.17) on Ry, one should extend this function by setting (see, e.g., [10])

™) () = exp (m ”IZ p3> ™ (o —2mk), o € [2nk, 2m(k + 1)]. (4.10)

The number n corresponds to the number of oscillations on the period [0, 27]. The influence of the
magnetic field on the eigenvalues is in the dependence of the frequency wg on H. The effect related
to the occurrence of a nontrivial quasimomentum is negligibly small, as in the case of long-wave
limit (se (3.2)) .
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2r 2r

Fig. 4. To the left, we present the real parts of the wave functions on the axis of the waveguide
of the original Schrodinger operator that correspond to trap states in the underbarrier domain.
On the Reeb graph, to these states there correspond the points placed inside the edge i; and
contractible curves of the deformed phase cylinder, i.e., closed curves on the phase plane in
Fig. 2. To the right, we show the real parts of the wave functions on the axis of the waveguide
of the original Schrodinger operator that correspond to the excited states of the overbarrier
domain, i.e., to the so-called “ballistic transport” in a waveguide. On the Reeb graph, to these
states there correspond points placed at the edges ¢2, 73 and the noncontractible curves on the
deformed phase cylinder, i.e., the nonclosed curves on the phase plane in Fig. 2.

4.2. Excited trap states (trapped modes). In this case, one can use the standard semiclas-

sical approximation. As in Sec. 2 of part 1, consider the case in which n ~ p~!. To this situation,
there correspond internal points of the edge i1 of the Reeb graph G.

For E®™) < vy — 6 and n ~ p~?

E(Vm‘) = gl(llr’l’n) 4+ /_,LA(V’n) + O(/.l), (411)

, we have

where Sl(llfl’n) are defined from the Bohr-Sommerfeld quantization condition

po [T Qe \/ (vn) (V)
sl dp = p(n+1/2), 412
i A o) = pln +1/2) (112
o+ are solutions of the equations vé? (z,p) = &(I'f{n), and

A =, / ¢+<3H(U1+1/2) HIE -~ e (o Mg o ))de.  (413)

2 Qo,p) Q2 (o, ) - 20%(p, p)

Suppose that p1 € [0,27]. In this case, inside the interval (p_, ¢ ) and outside a neighborhood
of the turning points ¢_ and ¢, the wave function becomes

v,n C(n) (v, ”) (V) v,n Q
D= [ ( Vet o) + 0 )(90)+4>+0(u)
(4.14)

where C(™) stands for a normalization constant and

2 3H(vy +1/2)  2H(EL™ — v (o, 1)) H?
0™ (p) = / - eff 1— —AL™ )dp. (415
(?) o ( Q(p, 1) Q3 (¢, 1) ( 292(s0,u)) ) P (115)

in a neighborhood of the turning points, one should use another asymptotic representation for
Y™ (), which uses the Airy function or the Maslov canonical operator (see, e.g., [17], [28],
and [20]). To obtain 1™ () for all values of o € R, one should extend this function to the entire
real axis by using formula (4.10). In both the cases, the number n corresponds to the number of
oscillations of the function 1™ () on the period [0, 2n].
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The influence of the magnetic field on the eigenvalues is now in the dependence of the frequency
wo on H and in the correction with the coefficient p in formula (3.4). As in the previous case, the
effect related to nontrivial quasimomentum (as well as in the long-wave limit) is negligibly small.

Note that condition (4.8) can formally be obtained from the Bohr-Sommerfeld quantization
conditions (4.12), (4.13), assuming that nu < 1 and using the Taylor expansion. However, this
cannot be done for the asymptotic eigenfunctions [20], [26], [10].

As in Sec. 2 of Part 1, in both the cases 1) and 2), the eigenfunctions are localized in some part
of the interval [0, 27| and describe the so-called “trap” states (“trapped” modes) in the waveguide.
These states arise only if €;(p) is nonconstant, whereas 1™ (y) are localized in the semiclassi-
cal approximation: these functions are exponentially small outside a neighborhood of the interval
[o—,¢+] (or of the point go(pf),,)).

4.3. Boundary. The eigenfunctions for the states with the eigenvalues in a neighborhood Vn(«f/a)x
form a boundary layer; to this situation, there correspond the points of the edges i1 2 3 of the Reeb
graph G placed in a neighborhood of the vertex of branching in the graph. For these states, the
Bohr—Sommerfeld rule cannot be applied, and the asymptotic expansion of the eigenfunctions has
more complicated structure. Without discussing this case here, we refer the reader to [13], [20],
[26], and [34].

4.4. Overbarrier domain and the Aharonov—Bohm phase. In this situation, we have

EWn) > Vn(«fja)x, and one can use the Bohr—Sommerfeld rule to construct the asymptotic behavior of
the eigenvalues. To this situation, there correspond points of edges i2 3 of the Reeb graph G that
are placed at a distance from the origin. Taking into account the Bloch condition (2.17), we may
write

EY™ = €6 4 phlm 4 O(i?)

27 (v,n) ) 2
n 3H(v1 +1/2)  2H(Eow' — vog (@, 1 H
s = [ o412 2HED Rl B g
0 Qe, 1) Qe 1) 20%(p, 1)
where Eov (") can be found from the Bohr-Sommerfeld quantization condition,
1 <P7 () _ ) Hpj
do = . 4.1
o J, \/5 @, n)de = pn + 2 (4.17)

Note that the numbers n take here the values ~ 1/u2, whereas the values £*™ remain bounded.
Since in this case there are no turning points on the entire real axis, we see that the following global
representation holds for the eigenfunctions:

(vym) oy (o, 1)
v (p) = (£ — ) (, ))1/4\/Q(so,u) :

o0 (3 [ g Ve —ali e+ 0470) ) + 0] (1.18)

Here ¢y is a chosen point and Cj(tn) stands for the normalization constant. There are no focal
points above the barrier, and the “ballistic transport” takes place (see the right part of Fig. 4).
In this case, the influence of the magnetic field is visible because the magnetic flow enters the
quantization conditions (via the Aharonov—Bohm phase). In contrast to the example in Sec. 2 of

part 2, the multiplicity of the spectrum depends on the magnetic flow. For example, if the flow is
not an integer, then the eigenvalue E(i'/’n) is nondegenerate. However, if the flow is an integer, at

least asymptotically, then the spectrum is degenerate, and two eigenfunctions correspond to the

eigenvalue E(iy’n). In turn, this means that the so-called “Zitterbewegung” occurs for these magnetic
fields.
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5. ULTRA-SHORT REGIMES AND THE BORN APPROXIMATION

5.1. Formulas for the Born approximation

The investigation similar to that carried out in Sec. 4 of part I in [10] shows that the formulas
1240

of the previous paragraph work well provided that not only £***2" > max(v.;"(¢)) but also
1/p > E72" Here we can simplify the expressions (4.17) and (4.18) by expending the radicand

(in the Taylor series)
()
1w Ve () 1
\/ ) Vett (90) \/g \/g +O((5)3/2)

Up to summands of of higher order of smallness, this gives

B~ )+ nAL (5.1)
where
Hpga /o %7 Qe,p) , vo
g = (2m(un+ 0 / " d 5.2
ol 2p ) /( o (e, p) ?) (5:2)
AEm / QW(3H(V1 +1/2) 2HER" — v (o) a- I ))di
por Qe 1) D3 (o, 1) 202(¢p, 1) ’

For the wave function, we obtain

) n ) (U ) S owm) Q1(p, 1)
v Ci XO(Ql(so,u) \/Eov ’¢’y’z) Q(e, 1)

X ex 5<”")/ )d L0 (),

p( /N \/ QD,M) born( )>

@ (v)
) (o) = / (_ e, n)vgg (9) | 3H(v1 +1/2)

v,n Q s

£ (p, 1) (- 1)

B 2H($(§v’")—v§§)(w,u))(l_ H? o)
Q%(p, 1) 202(p, ) born

The formulas thus obtained coincide in essence with the formulas of the so-called Born approxi-
mation (see, for example, [23]); in this case, the leading parts of the phase and of the expansion of
energy are determined by the kinetic energy

2 2
pgp < Ql (907 M) >
205 \ Qe n)
of the effective (classical) Hamiltonian. The effective potential, as well as its contribution to the
spectrum, can be taken into account in the form of corrections.

(v

5.2 Correction x4 ) and the destruction of the local description

The dependence of x(v); on py is a restriction for applying the formulas of Subsec. 5.2. A rather

(v)

cumbersome investigation of the formula for x(v), shows that x;’ can be represented as a sum of

the functions ()
Z A (o p xS, (5.3)

lo—v|<4

where A7 (p,p,) are polynomials in p, of degree not exceeding two with 27-periodic coefficients
smoothly depending on ¢. For the energy values £ ~ p~7, the momentum p, takes the value

~ 11~7/2 and the correction generated by the operator ux(v), takes the value u'~7. This correction
is small if 1 > v, and the corresponding correction increases as «y approaches 1.
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5.3. Displacement of the geometric axis for a strongly perturbed motion

In the approximation under consideration, one can represent the exponential function

esp (V" [ o o 05 (o)

(entering the definition of the function ¥*™)) in the form exp ’S}(f), h = p*t7/2. We thus have a
semiclassical asymptotic expansion with the parameter h. To extend the domain of applicability
of the asymptotic formulas, one can try to apply the asymptotic expansions with the parameter
h already at the original ansatz. The related investigation shows that, to this end, one should
“displace” the axis of the waveguide by replacing the value yg in the corresponding formulas by

Y1 = Yo <1— M0>7
o

and the effective Hamiltonian should also be corrected by including summands of “high dispersion,”

2
Vi,V2 b — —9\2
HG " (0an0) = oo 0o [ Qo) + 2Hupgpg® = (upeng®)” | + Qe )1 +1/2)

2Q(¢p, 1) pj
+ Qa(p, p) (v2 +1/2).

This modification of the adiabatic approximation enables us to eliminate the powers p?a from the

coefficients A7 in (5.3) and “extend” the domain of applicability of this approximation to the values
of the parameter 7 of the form v =2 — ¢, ¢ > 0. It is impossible to eliminate the powers p, from
A? which gives a “destruction” of the adiabatic approximation for the values «v > 2. The physical
explanation of this fact is just like that presented in part I of [10] for a straight-line waveguide.
One cannot apply a local description for the case in which the order of time of the particle flyby
along the entire waveguide is the order of the period of transversal oscillations of the particle.

6. SUPEREXCITED STATES

Let us study the situation for which v = 2 in more detail by using the complex germ theory,
see [29] and [3] (and also [1], [14], [31], and [35]), modified in the spirit of [22] and [15] for the case
of individual invariant closed trajectories. As in Sec. 5 of part 1, in this case, it is convenient to
represent equation (1.5) (with the Hamiltonian (1.6)) in the form

1 02 1 0 on?\> h2 o2
-h? .+ (—z’h + Hpon + > - —h?
2 [ o~ (po+n)? g TN 2 4po+m)?* — OC
+QF (@, n? + Q3 (e, )] ¥ = hE, (6.1)

where h = p?, n = py,¢ = pz. The symbol of the “h”-differential operator corresponding to the
Hamiltonian on the left-hand side of equation (6.1) is

%(pn77]7pC7 C7p<p7 2 h’) = 7-[0(pn7n7p§7 <7pg07 SO) + hQ%Q(pn77]7pC7 <7pg07 80)7

2 2\ 2 2 2 2 2 2
Py 1 Hn pe Qe m)n® | Q5(0, )¢
= H
Ho 9 +2(Po+77)2 <p¢+ pon + 9 + 9 + 9 + 9 ;
h2
Ho = — .
? 4(po +1n)?
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The Hamiltonian system corresponding to the classical Hamiltonian H, is

5 H’I’}2 2 H772 2 .
= H H H — -0 =
Dn (p0_|_77)3 <p50+ pon + 9 > < p0+ pon + 2 Py 1(907:“)777 = Pn,
pe = —3(p, )¢, =,
1

Hn?
2o+ )2 <p¢+Hpon+ 5 >-(6-2)

Do = = (0, Q) (0, W0 — Qa0 ) (0, )2, = (

It can readily be seen that this system admits a closed classical trajectory I' lying on the energy
level E = Ho|r = H?p3/2 with the frequency w = H; this trajectory is defined by the formula

I'={p,=0, n=0, p.=0, (=0, pq,:const:Hpg, o= Ht+ po}.

Further, according to [29], one should study the so-called “system in variations.” This system
consists of six equations; however, we need only four of them, namely, the equations containing 7
and (. Denote the corresponding components by dp,, = Wi, 0n = Z;, 0pc = Wa, and 6¢ = Z. Note
that one can set 7 = 0 in the first two factors entering the first term in (6.2) and differentiate the
third factor only. We then obtain

Wl = — [H2 + Q%(Ht + 900)] Zl, Zl = Wl, W2 = —Q%(Ht + QDO)ZQ, ZQ = WQ. (63)

These equations reduce to the Hill equations

Zy+ [H* + Q}(Ht + ¢0)] Z1 =0, Zo + Q3(Ht + ¢o)Z> = 0. (6.4)

To the trajectory I' there corresponds a spectral series, i.e., a subsequence of the eigenvalues of the
operator in (6.1), if this trajectory is orbitally stable in the linear approximation or, in other words,
if equations (6.4) admit stable Floquet solutions Z; and Zs. In this subsection we assume that this
condition holds (this depends, in particular, on the magnetic intensity H of the field). Denote the
corresponding Floquet exponents by (§; and S2; then the desired solutions of the Floquet system
(6.3) can be represented in the form

Zy = ZO () exp(ifit), Wi =W (p)exp(ifit),
Zo = 7 (p) explifat),  Wa = Wa" () exp(ifat),
o=Ht+¢y, W20 w020 —9; wz® w0z — 9

where ¢ = Ht 4 ¢y and the functions Wl(o), Zfo), WQ(O), and Zéo) are 2m-periodic with respect to ¢

and normalized by the conditions V_Vl(O)Zfo) - Wl(O)Zl(O) = 2i and V_VQ(O)Zéo) - WQ(O)ZSO) = 2i. Note
that, under the above assumption on the stability of I', as follows from [4], the Hamiltonian Hg
can be represented in the form

Ho = Holr +w(lo — Hpj) + Buly + Bolz + O((Io — Hpg)? + I + 13)

2 2 2 22 2 2 (6.5)

= H"py/2+ H(Io — Hpp) + Bl + B2la + O((Io — Hpp)™ + 17 + 13)
in a neighborhood of the curve I'. Here Iy, I1, and I are variables of action type which “approx-
imately” characterize the classical trajectories of the Hamiltonian system (6.2) in a neighborhood
of the trajectory I'. These variables are quantized in the subsequent constructions, and this very
quantization gives a spectral series (a part of the spectrum) corresponding to a neighborhood of
the trajectory I' (see also [22] and [15]).
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Using formulas [29], we can construct the wave function of equation (1.3). In the original vari-
ables, with regard to the additional oscillating factor

exp (—iH pgp/(21%)),

this wave function becomes

¢i0(#) iHpgp | i W i W%
v = exp [ 0 L DT )t D2 (0)27 | Ho(iy) Hoy (g22),  (6.6)
(0) (0) 21 2 70 2 7(0)
Zy7(p) 2y () 1 2
where
0(p) = —P1(v1 +1/2)p — Ba(v1 +1/2) 4+ Ap + 6o (p)
for

Wl(O) V_VQ(O) Wl(O) WQ(O)
0o(p) = (11 + 1/2) arctan e + (v2 + 1/2) arctan £0) Q= ‘ ol Q@ = ‘ o ‘
1 2 1 2

Here A stands for a “free” parameter independent of i, and the energy E takes the values
H 20(2) 2 2
E = o2 + HpgA + O(p”)

For the function in (6.6) to be single-valued, it is necessary that

A=A = Hpd [(26°) + Bi(v1 +1/2) + B2 (v1 +1/2) =0+ O(1).

Finally, for the energy levels E of the original operator (1.2), we obtain the formula

E=E"" = H*p3/2+ H(un — Hpg) + pBr(1/2 + 11) + pB2(1/2 + 11) + O(1?). (6.7)

Here n stands for (large) integers belonging to a neighborhood of the integer part of the number
Hp3/(2u2). This gives a discrete family of eigenvalues (a “spectral series”) of the quantum waveg-
uide with large energy values which correspond in the classical limit to the trajectory I'. Note that
the “power” of this spectral series is substantially less than the “powers” of the spectral series
constructed in the previous sections. Up to a correction of the order of O(u?), these values are
obtained from formula (6.5) as a result of the quantization of the variables Iy, I;, and I given by

1 1
Iy = pn, I ZM(2 + 1), IQZM(2 +11).

It is clear from formula (6.6) that, in contrast to the situation in which the adiabatic approxi-
mation works well, the influence of soft walls given by the coefficients €4 (¢, 1) and Q2(p, 1) is of
“integral” nature, which defines the dependence of the wave function, in the direction orthogonal
to the axis of the waveguide, via the solutions of the “system in variations” Zy, Z, characterizing
the total motion of the particle along the waveguide. In a sense, this phenomenon can be assumed
to be related to the so-called Fermi acceleration [36].
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APPENDIX A

We present here the evaluation of the subprincipal symbol Egy) (py, ¢). For the function x§ ), we

have the equation

OHo 0x)”  OH( oxy

(Mo — HE N = —Haxg” 4L,

8p<p 890 8@ 8p<ﬂ
and also the relations
OHo _ py <91(s0,u)>2 L Hy+ o) ng' _ H o’
op,  p§ \ Qp,p) po Opp  po2(p,p) Oy

oy’ 0 oy 0 xo , Oxy
9 —1/2690 [logﬂ(so,u)]<2 Y, +1/28¢ log Qo )] | 7y +2 5 |-

The condition that the right-hand side of this equation is orthogonal to the kernel of the self-adjoint
operator on the left-hand side gives the following relation for Egy) (see [6]):

v . dXVl v2 . 87‘[0 8Heﬁ‘ 8)(”1 v2
E( ) _ viVg 7‘[ vivg _2< V1V2’ 0 > —’L< V1V2’ [ _ :| , 6.8
1 < X > yz XO dt v XO @p@ apga 6@ v ( )

where the angular brackets (-, -),. stand for the inner product in the space Ly(R?), and the operator
d/dt is defined as follows:
d O0HZG™ OH%"™ 0

dt Op, Op Oy apgo.

The last two summands in (6.8) together give “Berry’s phase”!. We have (y (V),dx(y) /dt),. = 0 for

X(() ), since X(() ") is a real-valued function normalized by one. The evaluation of the third summand

e
T DY T

where we have used the notation £ = \/Q(go, 1) (y + yo). Therefore, the symbol Egy) is

2 2
r v Py, 3H © Qy 3 le i 0 Q @Y, W
g ) = 3y0 b <y 1> 0 <:l’8 0 > ! < 1( )> 9

I 2po Q2 02 dp \Q%(p,11) ) 20
Q%( Hpgo 3HQV1Q2(907 ) .0 Q%(Waﬂ) Py

= — Dy — 1 5 (6.10)
Q4 (e, 292 20504 (¢, 1) do \%(p, 1) ) 205

IM. V. Berry, “Quantal phase factors accompanying adiabatic changes,” Proc. Roy. Soc. London Ser. A 392 (1802),
45-57 (1984).
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APPENDIX B

To evaluate the symbol Egj) (Pe> #)|p, =0, We use the orthogonality conditions for the right hand

side of the second approximation (see (3.15) in [6]). We obtain Eéy) = —(Xg/),FQ) (Xo , Ha X(V))
and

n | Mo " aHY oy
: apga 690 890 ap@

X ] =g g ey

9%H, 82Xéy) - aQHe(fo) 82X(()V)
opZ,  Op? 0% Op?

%)

oMy oxy) oLt oy | 1 5
8p<p 890 890 8p<ﬂ

It is clear that, when evaluating Eg') (Py, go)\pw —o, one should set p, = 0 in the definition of F,. We
also take into account that, up to o(u?) x V) , the Hamiltonians H ™) and Ho do not depend on ¢,

together with the relations 8H° |p¢,0 =0, E(V)|p —o =0, and (X((]V),ng)) = 0. This gives

LY om0 = Halp,—oxS” s x) + Hlzp—oxy” X))

H? 5 ) () 0w astny 1) )
= X v2xy) %% )X
2/)0( 0 X1 )+ 202 ( 0 0)— 802 > (Xo )s

() _

where )Zj = X; )|p¢70 Let us use the known relations

k=2 k=3

v = Y el gt = Y e, (6.11)
k=—2,k#0 fe=—3,k#0

where

) _ (V) (V)
a_gy = Q(O) \/Vl 1)7 =0, Q(O) (27/1 + 1)

ag”) =0, ag/) 29(0) \/(1/1 +1)(v1 +2),

3V/2 V32, b(y)

b(f§ \/’/1 )1 —2), b(fQ) =0, b(fl) 4(0(0))2 "

Q(O)
V2

p . 3V2
4(0©)? 402

0,

(v +1)%2, b =0, b)) = V(1 + 1)1+ 2)(v1 + 3).

(v)

The function x; ' can be found from equation (6.13), which, for p, = 0 and for the function

g v) , becomes
82

2 2
_ 2,2 _ 9 ©2 2] c0) _ o0 _ H® 5w
ayg + Yy 022 +QQ z :| X1 )\I/X]_ 2p0y Xo (612)

where \, = QO (v, +1/2) + Qéo)(l/g + 1/2). Using the second relation in (6.11) and applying the
Fourier method, we find the expansion

w_ 1 W sk

~(v ~(V1 V2

X1 = Q) Z k X0 ' (6'13)
k=—3,k£0

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 18 No. 1 2011



52

BRUNING et al.

This yields

H? k=3 ‘b(’/)‘Q H? k=2 1
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