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Abstract. A model for a broad class of Aharonov—Bohm interferometers consisting of two
arcs with and without scattering centers is constructed. Explicit expressions and asymptotic
relations are found for the transmission coefficient for electrons in the simplest interferometers
of diverse geometry (a symmetric interferometer with scattering admixture and an Aharonov—
Bohm ring with two conductors attached at a single point). The influence of the relationship
between the sizes of arcs and the arrangement of potentials of scattering centers, the magnetic

field flux, and the energy of electrons on transport properties of the suggested nanodevices
is studied.
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The solid-state interferometers using wave properties of conduction electrons are formed of meso-
scopically narrow waveguides. Due to the Aharonov—Bohm effect, a modification of the magnetic
flux between two branches of an interferometer of this kind leads to a periodic dependence of the
conductivity caused by the interference of electron wave functions. The construction of an interfer-
ometer is usually a ring with conductors attached to it at opposite sides [1]. At present, a broad
circle of investigations was also presented in Aharonov-Bohm quantum interferometers of other
constructions (see, e.g., [1-5]).

In the present note, we discuss a one-dimensional model of interferometers of more general
geometry in the form of segments of two rings with two wires taken at the points of splice of the
rings, see Fig. 1. On these wires, the Hamiltonian can be represented in the form Hyy = 2711* ﬁ%v,
where pyw = —ihd/dx and m* is the effective mass of the electron. In this case, the solutions
of the Schrédinger equation Hyw = Ew are equal to wy(x) = exp(ikz) at the “output” W,
and wq(x) = »T exp(ikx) + »~ exp(—ikx) at the “input” Ws, where the wave number % is equal
to v2m*E /.

In the presence of an admixture at the point @ with d-potential at the scattering center V'
(cf. [2,5]), the Hamiltonian on an arc of radius R becomes

H=Hy+Vi(e—4),  Ho=p*/(2m"R?), (1)
where p is the operator of generalized momentum h(—id/dp + @), ® = nR?*B/®,, where B is the
magnetic field, ¢ = 27hc/e is the quantum of magnetic flux, and V' characterizes the value of the

influence of the admixture. The general Schrédinger equation H f = Ef for the wave function f is
o) = { ATexp(ighy) + A" exp(ig—p)  if 0<p <,
putexp(igty) + u~ exp(ig™ ) if <<,
where ¢ = Rk and ¢& = ¢ — ®. Using the boundary conditions f(¢ + 0) = f(1» — 0) = f(¢) and
f'(W+0)— f(¢—0) =vf(), where v = 2mV R?/h?%, one can readily obtain equations for the

coefficients A* and p*:
A0 N0 =pT 0t 0 and ptOT —pT 0T —ATOT L ATOT =u(NTOT N0,
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Fig. 1. Schematic picture of nanodevice formed by two arcs and two wires. On the arc L,
the angular variable ¢ ranges over the segment [0, ¢;]. On the wire W;, the variable = ranges over
the values on the semiaxis [0,00); (R1,v1) and (Ra,12) are the coordinates of the admixture
centers.

Here v = —iv/kR and 0% = exp(+iqy). At the connection points A; and A, (Fig. 1), us-
ing the Kirchhoff laws, we obtain w(0) = f1(0) = fa(p2), paw1(0) + p1f1(0) = pafa(ps) and
w2(0) = f2(0) = fi(e1), paw2(0) + p2 f2(0) = p1 fi(e1). After simple but awkward manipulations,
we obtain the following expression for the amplitude transmission coefficient to_; = 1/3¢~:

where tom = (P+uwiQ1 + u2Q2) /(K + wi Ly + usLo + ujus M) , (2)
Q1 = 2¢ 2 sinw, sin(wy — ay), P= 21’(6_"’82 sinay + €1 sin asg),
Q2 = 21 sin ws sin(ws — ), K =2cos(1 + [2) + sinay sin ag — 2e~Hartaz)

Ly = e Hoataz) _ 5 COs aq sinag — (cos ap —

Loy = e~ Hoataz) _ 5 COsagsinag — (cosay —

M=1

5 sinag) cos(ay — 2wy),

! sin o) cos(an — 2ws),

[cos(an — 2wy) cos(an — 2ws) + 2sin(a; — 2wy) sin(as — 2ws) — e~ taz)

— oS (1 €O (g + (Cos aip — 2isin ag) cos(ay — 2wq) + (cos ap — 2isin oy ) cos(ag — 2w2)].

Here we have introduced the notation a; = kR;p;, 8; = ®;p;, and w; = kR;v;. The probability
that the electrons pass through the device in question is determined by the coefficient T = |to 1%

In this note we consider the simplest cases of the scheme suggested above for the Aharonov—
Bohm interferometer. For an ordinary two-terminal ring (R12 = R, ¢1,2 = m) without admixture
centers (and thus u; = ug = 0), we obtain the known expression [2]

t = isin(kL) cos(r®)/(5sin’(kL)/4 — sin®(r®) + isin(2kL)/2) ,

where L = 7R is a half of the ring. The graph of the transmission coefficient T (the black field
corresponds to 7' = 0) in dependence on the normalized magnetic flux ® and the electron energy
E/Eq (here Ey = E1(® = 0) = h?/(2m* R?) is the first eigenvalue of an isolated ring in the absence
of magnetic field) is represented in Fig. 2a. Here the curves indicate the eigenvalues of the energy
E,(®) = (n+®)2Ej for an isolated Aharonov—Bohm ring. An asymmetry of “shoulders” of the ring,
which is usual in experiments, leads to a distortion of the picture T'(®), which can be seen by the
example in Fig. 2b with the ring composed of the arcs ¢; = 0.857 and ¢ = 1.157 (to obtain this
graph, we have used expression (2)). As the energy increases, a phase shift along the flow is observed.
For instance, the nontransparency domains for integral flows ® = 0,+1,42,... and the energies
FE =~ 12Fj are replaced by nontransparency domains for half-integer flows ® = +£0.5,+1.5,... for
energies I/ ~ 50L).

An essential modification of the behavior of the transmission coefficient T'(E, ®) occurs if one of
the “shoulders” contains a scattering center. Even for a symmetric interferometer, entire nongating
domains occur (on which 7' ~ 0) for certain electron energies (i.e., when supplying the ends of the
wires with certain electric voltage [1-5]), and domains of almost full passing on which 7" ~ 1. This
can be clearly seen in the example of an interferometer with scattering center V' = 16 Ey placed at
the point ¢ = 7/2, see Fig. 3. Here the domains of gating belong to the intervals of energy from
0.3 to 2.4 and from 6.0 to 12.0 and the domains of shutting are placed near 3.0, 4.5, 14.0, and 17.0.
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Fig. 2. Dependencies of the transmission coefficient T'(E, ®) for a ballistic ring without ad-

mixtures: a) a symmetric case, equal “shoulders” (@12 = m); b) an asymmetric case, the
“shoulders” of somewhat different length with @1 = 0.857 and @9 = 1.157.
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Fig. 3. The dependence of the transmission coefficient T'(F, ®) for a symmetric interferometer
with scattering center V' = 16 Ey at the point ¢ = 7 /2.

The presence of two centers in both the “shoulders” can lead to narrow doubled resonances
(with maximal values) in the transmission coefficient T'(E, ®), as shown in Fig. 4. In the case of a
symmetric ring (@12 = 7), for chosen values of the potentials of the scattering centers placed at
the points 11 o = /2, in the interval of sufficiently small values of the magnetic flux, there are
sharp “spines” of the maximal transmission coefficient at small electron energies and a “plateau”
for large energies.

Aharonov—Bohm ring connected to two wires at a single point.
The model constructed above enables one to consider the case of Aharonov-Bohm ring (R; = R,
p1 = 27, and @y = 0) connected to two conducting channels at a single point; see Fig. 5.

Let us place a scattering potential V; = V at an arbitrary but chosen point 1); = 1. In this case,
the transmission coefficient can be represented in the form

isin 2kL + usinykRsin(YkR — 2kL)
to 1 = . . , (3)
cos 2m® — exp(—2ikL) + ulexp(—2ikL) — cos(2kL — 2¢kL)]/2

where L is the length of the half-ring. If there is no scatterer, then the expression can be simplified
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Fig. 4. Transmission coefficient for a symmetric interferometer ¢1 9 = 7 with two scattering
centers at the points t1 2 = w/2. The values Vi o = —2.4Fj are chosen to obtain a broad

plateau in dependence on T'(E, ®).
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Fig. 5. Aharonov-Bohm ring with scattering center connected to channels at a single point.

and becomes isin 2k L

tg_,l = .. . (4)

cos 27 ® — cos 2k L + isin 2k L

One can readily see that to_.; = 1 if cos 2r® = cos 2k L. The solutions of this equation kR =n+ ®
are the eigenvalues of the isolated Aharonov—Bohm ring. Thus, for a nanodevice consisting of a
ballistic ring with channels taken at the same point, the probability of passage is equal to 1 if
the electron energies coincide with the eigenvalues E,, (®) = (n + ®)2Ej of the isolated Aharonov—
Bohm ring. Note that, in the case of channels symmetrically connected to the ring, the probability
of electron passage vanishes at the eigenvalues of the isolated Aharonov—Bohm ring.

The presence of a scatterer on a ring connected to channels at a single point leads to the
formation of sharp resonances (similar to admixture levels on the momentum—energy diagram) and
broad resonances (similar to conductivity bands), as is the case for a ring with scattering center
and diametrally attached wires-channels. If the scattering center is placed at the point ¢ = mn/n
(where m and n are coprime positive integers), then sharp resonances occur near the energy values
Eyp = (nk/m)?Ey, where k = 1,2, ...

Let us consider the symmetric case in detail: the channels are attached to the ring at the point
¢ = 0, and the scattering center is placed at the point ¢ = 7. Formula (3) becomes

; i(coskL + usinkL)sin kL (5)
717 sin? 7® — sin? kL + @isin 2k L + i(cos kL + @isin kL) sin kL’
where @ = iu/2 = V/2y/EoE. One can readily see that the transmission coefficient vanishes if
coskL +usinkL =0 or sinkL = 0, i.e., for the electrons with the energies
EW = Ey(n — (1/7)arctan(1/a))*,  EW = Egn?. (6)
As the ratio V/v/Ey E increases (i.e., the power of the scatterer increases with respect to the electron

energy), the widths of the intervals (Er(ll) , Er(lu)) diminish to a greater extent for small energies (small

values of the index n); see Fig. 6.
One can also readily see from formula (5) that the transmission coefficient is equal to 1 if the

following equation holds:
sin? 7® — sin® kL + @ sin 2kL = 0. (7)

Suppose that the condition 71r arctan é < 1 (of strong scattering potential) is satisfied. In this case,

near E,(Zu), one can assume that sin? kL ~ 0 and cos kL ~ (—=1)™, and an approximate solution of
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Fig. 6. Transmission coefficient of an Aharonov—Bohm ring containing a scattering center
(V =10Ep, ¢ = ) and attached to the channels at a single point.

equation (7) becomes sin kL ~ (_é)" sin? 7®. Thus, the position of sharp resonances is determined

by the approximate formula

Ee) ~ E, (n — (1/m) arcsin ((1/a) sin® 7T<I>))2. (8)
This formula implies that the position of a resonance inside the interval (Eg),Eéu)) depends on
the magnetic field flux, ®. As the flow of the field approaches integer multiples of the quantum of
the magnetic flux, the resonances tend to Eflu) and, as the flow approaches half-integral multiples
of the quantum of the flow ®, the resonances tend to the energies Er(ll). The resonances collapse

in both the limits because the points (m,Egu)) and (m + 1/2,E7(1l)), where m is an integer, are
discontinuity points of the function ¢5_1 (P, F). This is an artefact of our model. In experimental
conditions, washing out due to heating must “suppress” these singularities.

For the flows ® = (2m + 1) /4, where m is an integer, sharp resonances are placed at the middle
of the intervals (Efll),Eflu)) and are of symmetric form (see Fig. 7).

1

IS
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Fig. 7. Transmission coefficient of an Aharonov—Bohm ring containing a scattering center and
attached to the channels at a single point, as a function of energy, has symmetric resonances
of Breit—Wigner type for the flow ® = 1/4.

For magnetic field fluxes that differ from the products of numbers of the form m/4 and the
quantum of the flow, the sharp resonances become asymmetric and somewhat recall the Fano
resonances, see Fig. 8.

Let us find expansions of the trigonometric functions in expression (5) for energies E lying in
neighborhoods of the points Eflu) = n?E, (the eigenvalues of the Aharonov-Bohm ring in the
absence of magnetic field) such that these expansions are linear with respect to E — Eflu). Note that
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Fig. 8. Transmission coefficient of an Aharonov—Bohm ring containing a scattering center and
attached to two channels at a single point. The “right” resonances are placed near the energies

ES™. The flow is ® = 1/8.

(u) u
kL = kR = 71\/50 = W"\/ETZZ%S + 1, and we can write kL = mn + ,, near £ — E,S ), where 9,

is small. Therefore,

E - By m E— B r E—EY
Op = 1-1) = inklL ~ (—1)" kL~ (=1)".
n wn(\/ 2By + > on By sin (-1) on By cos (—1)

Substituting the last expression into formula (5) and omitting the subsequent terms small with
respect to d,,, we finally obtain
in (E _ E,S”) (E _ E,S“)) /2nE,
to1 ~ . 9

I O gE ~ V) (E - E,S“)) /2nEq )
One can readily see that the transmission coeflicient evaluated by the approximate formula (9) has
the same behavior near resonances as the coefficient evaluated by formula (5), namely, it vanishes at
E= E,(j) and F = Eﬁu) and is equal to one at £ = Er(fes). The resonance is of symmetric shape, see
Fig 7, if it is placed in the middle between Er(ll) and Er(lu), ie., if sin?7® = 1 /2 (the magnetic field
flux is equal to (2m + 1)/4 for some integer m) and asymmetric shape, similar to Fano resonances,
otherwise; see Fig. 8.

Thus, for a quasi-one-dimensional model, having obtained a general expression for T'(E, ®), we
have carried out the investigations of the simplest cases and showed that the behavior of the trans-
mission coefficient substantially differs from the simple case and from configurations of the Aharo-
nov-Bohm interferometers that have been studied earlier [1-5]. Note that the width of the narrow
resonances for the simple structure of the Aharonov—Bohm ring containing a scattering center and
attached to two channels at a single point heavily depends on the magnetic field. These resonances
can be of Fano type or of Breit—Wigner type or can be completely absent at the eigenvalues of the
isolated ring.
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