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Abstract In this paper, we derive the Cheeger—Miiller/Bismut—Zhang theorem for
manifolds with boundary and the gluing formula for the analytic torsion of flat vector bundles
in full generality, i.e., we do not assume that the Hermitian metric on the flat vector bundle
is flat nor that the Riemannian metric has product structure near the boundary.

0 Introduction

Given a flat complex vector bundle F of rank rk(F) with flat connection V¥ on a compact
m-dimensional smooth Riemannian manifold X without boundary, the Ray—Singer analytic
torsion [18] is a (weighted) linear combination of the determinants of the Laplacian with
values in the differential forms twisted by F, and the Ray—Singer metric on the determinant
of the cohomology of F is the product of its L? metric and the Ray—Singer analytic torsion.
These are geometric invariants which depend on the metrics on F and on the Riemannian
manifold.

Let us explain this in greater detail. For a finite dimensional complex vector space E,
set det E := A™XE, and denote by (det E)~! := (det E)* the dual line. If we denote by
H*(X,F) = @';:0 HP? (X, F) the singular cohomology of X with coefficients in F', then
the determinant of the cohomology of F is the complex line

det H*(X, F) = ) (det H (X, F)) """ 0.1)
p=0
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1086 J. Briining, X. Ma

Denote by Q7 (X, F) the space of smooth differential p-forms on X with values in F, and
let Q(X, F) = ®,QP(X, F). The flat connection VF extends naturally to a differential, d F
on (X, F). The de Rham theorem gives us a canonical isomorphism of H®(X, F) and the
cohomology of the de Rham complex (2 (X, F), dF).

Let g7¥ be a Riemannian metric on X and let 2¥ be a Hermitian metric on F. Let d©*
be the (formal) adjoint operator of d” associated with g” % and h*. Then D := df + d**
is a first order self-adjoint elliptic operator acting on (X, F), and the heat semi-group
exp(—tD?) of D? preserves the spaces Q7 (X, F) for any p.

Let I' be the gamma function. For u € R, u > m/2, set

1

o) = ——— /;“ Z(—1)Pp[Trmp(x,p)[exp(—mz)] — dim HP(X, F)]
R

a 0.2)
- .

I'(u)

The function 6 extends to a meromorphic function of # € C which is holomorphic at u = 0.
The Ray—Singer analytic torsion of X with coefficients in F' is defined as

T(X,g"*, n") :exp[la—e(O)]. (0.3)
2 du
By identifying H*(X, F) with the space of harmonic forms, Ker(D?), by Hodge theory,
H*(X, F) is naturally equipped with a L?-metric 2""X-F) induced by the L>-metric of
Q (X, F). We denote by | - |§§t He(X.F) the induced metric on det H*(X, F). The Ray—Singer
metric on the line det H® (X, F) is defined by

2
1188 e cx.py o= T XL 8" ) 1o e x - (0.4)

If K is flat (i.e., (F, VF) is induced by an unitary representation of the fundamental
group of X), then the celebrated Cheeger—Miiller theorem [7,16] tells us that in this case the
Ray-Singer metric can be identified with the so-called Reidemeister metric on det H® (X, F)
which is a topological invariant of the flat vector bundle F [15]. Bismut and Zhang [4] and
Miiller [17] simultaneously considered generalizations of this result. Miiller [17] extended
his result to the case where the dimension of the manifold is odd and only the metric induced
on det F is required to be flat. Bismut and Zhang [4] generalized the original Cheeger—Miil-
ler theorem to arbitrary flat vector bundles with arbitrary Hermitian metrics. There are also
various extensions to the equivariant case, cf. [11,12,5]. Bismut and Goette [3] obtained a
family version of the Bismut—Zhang theorem under the assumption that there exists a fib-
erwise Morse function for the fibration in question, which generalizes all the above results.
See also [8] for a survey on work relevant to this line of approach.

Assume now that X is a manifold with boundary. The corresponding results were studied
in [11] and [12,22,9], under the assumption that 27 is flat and that g7 X has product structure
near the boundary. In particular, these papers establish a Cheeger—Miiller type theorem and a
gluing formula for the Ray—Singer metric in this setting. In [6, Theorem 0.1], we extended the
anomaly formula for Ray—Singer metrics [4, Theorem 0.1] to manifolds with boundary, not
assuming that the Hermitian metric on the flat vector bundle is flat nor that the Riemannian
metric has product structure near the boundary (more relevant references can be found in
[6]). In [13], Ma and Zhang extended the results in [6] to the L2—analytic torsion.

In this paper, we will establish the Cheeger—Miiller/Bismut—Zhang theorem on manifolds
with boundary, Theorem 0.1, and the corresponding gluing formula, Theorem 0.3, without
any condition on the Riemannian metric of the manifold or the Hermitian metric of the flat
vector bundle. To do so, we will derive first a Bismut—Zhang type theorem, Theorem 2.2,

@ Springer



On the gluing formula for the analytic torsion 1087

which is a special case of Theorem 0.1, for flat vector bundles on manifolds X with boundary
under the assumption that g7 X, 1 have product structure near the boundary, as an application
of [5, Theorem 0.2]. Then we establish the anomaly formula for the analytic torsion, Theo-
rem 3.4, which extends the corresponding result of [6] to the situation where we impose the
relative boundary condition on some components of the boundary, and the absolute boundary
condition on the complement. Finally, we obtain the gluing formula, Theorem 0.3, for the
analytic torsion of flat vector bundles, by combining Theorem 2.2 and Theorem 3.4. Again
we do not assume that the Hermitian metric on the flat vector bundle is flat nor that the
Riemannian metric has product structure near the boundary.

Let us describe the geometric setting in greater detail. We assume that the manifold X
has boundary d X = Y7 U Vi, where Y1, V| are disjoint (possibly empty) components of 9 X.
Let H*(X, Yy, F) be the singular cohomology of (X, Y1) with coefficients in F (cf. (1.6),
(1.7)). The corresponding Hodge theorem (cf. Theorem 1.1) tell us that we can still identify
H*(X, Y1, F) with a certain space of harmonic forms, which satisfy a suitable boundary
condition. Then we can define the Ray—Singer analytic torsion T'(X, Y1, g7X, hf) and the
Ray-Singer metric || - | RS He(x.y,.F) On the complex determinant line det H*(X, Y1, F) (cf.
Def. 1.4) in analogy with (0.2), (0.4).

Let f be a Morse function on X fulfilling the assertion of Lemma 1.5 below with an asso-
ciated gradient vector field V £ (which need not be induced by g7 %). Then the corresponding
Thom—Smale complex [20] computes also H® (X, Y;, F'), and this induces the Milnor metric
Il - ||3Z;ij(x’yl ) on det H*(X, Y1, F') which we define in Definition 1.6 below.

Note that the Milnor metric does not depend on the Riemannian metric g7X on X, it
depends only on the gradient vector field V f induced by f and the Hermitian metric 2¥ on
F.Ifh¥ is aflat metricon F, then || - ||§;l;7_1]: (X.Y1.F) is equal to the Reidemeister metric (which
is defined by using any smooth triangulation of X) as in [15, Theorem 9.3], [4, Remark 1.10]
(cf. Remark 1.8), thus it is a topological invariant.

Let O(F, h) be the closed 1-form on X given by (cf. [4, Def. 4.5])

O(F.hFy =Tr [(hF)—‘thF]. 0.5)

Recall that (F, VI, h') is called unimodular if the metric #9° ¥ on det F induced by A is
flat. Thus 6 (F, k) = 0 if and only if (F, VF, hF) is unimodular.

Let VTX be the Levi-Civita connection on (T X, g7%) and denote by e(T X, VT X) the
Chern-Weil form of the Euler class of TX associated with VX [cf. (3.5)]. Let gTaX be
the metric on 79X induced by g7X. Let VT¥1, VTV be the Levi-Civita connection on
(TYq, gTaxlyl), (TVy, gTaxlvl). Let H*(0X, C) be the singular cohomology group of X,
and

x(0X) = Z(—l)j dim H/(3X, C) (0.6)
j

the Euler characteristic of 9 X.
Denote by §x the current of integration on X and by 7 : T X — X the natural projection.
Let (T X, VTX) be the Mathai—Quillen current on 7' X constructed in [4, §3], such that

dyr (Tx, VTX) — n*e (TX, VTX) — 5y 0.7)
We define the currents ¥ (7Y, vy, Y (TVy, vIViyonTY, TV, analogously.
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1088 J. Briining, X. Ma

Next we use the inward geodesic flow to identify a neighborhood of the boundary 0 X with
the collar 9 X x [0, €], and we identify X x {0} with the boundary d X, then there exists a
family of metrics, gT"?X ,on 790X defined by

X,

8" (o) = dxgy + 810X (y), (v, xm) € 3X x [0, 2). 0.8)

T

Let 7% be a smooth metric on TX such that 7% = ¢7% on 8X, and g7 X has product

structure on 0 X x [0, €),
2 (o) = dxpy + 87X (). 0.9)

Let V7X be the Levi-Civita connection on (T X, g7%). Let E(T X, VIX, VTX) be the sec-
ondary relative Euler class of 7 X in the sense of Chern—Simons defined in [6, Theorem 1.9]
(cf. Theorem 3.1).

The first main result of this paper extends the Cheeger—Miiller/Bismut—Zhang theorem to
manifolds with boundary; it reads as follows.

Theorem 0.1 We have the identity

2
I 1R e B
log (W = —/G(F,hF)(Vf)*w(TX, \ZRS!

I et #ecx, vy, ) %

2
Y

- %/ew,h%(w)*wrvl,VTVI)

Vi

+1/9(F,hF)<Vf>*w<TY1,V”'>

+ / Ex, 975, vT)a(F, k)

(X.Y)
+1k(F) /+(—1)’”“/ B(VTX)

Vi Yy
- %rk(F)X(BX) log2, (0.10)

with the notation (3.10) for f( X.7) and with B(VTX) the secondary characteristic form intro-

duced in [6], [see (3.6)], which is zero if 0 X is totally geodesic in (X, gTX).
In particular, if (F, vF, hF) is unimodular, then

2
I 185 2o
log (W = tk(F) /H_l)mH/ B
I et e cx, v, ) v Y
1
— 5Tk(F)x (9X) log 2. (0.11)

In fact, let (T X, VIX), €,(Y, VI'X) be the forms defined in [6, Definition 1.8] for the
path of metrics gSTX = (1 —s5)2"X 4+ 5g7X, then with o(T X) the orientation line,

E(TX, VX vT%) = @rx,vI%), —g,, vI¥*) e " (X, Y, 0(TX)) (0.12)
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[cf. (3.8)]. Thus by [6, (4.37)], (0.8), (0.9) and (3.15),
E(TX, VX vTXy =0 ifmis odd,

(0.13)
e (Y, VI*)y =0 if mis even.

Assume now (F, vF nF ) is unimodular and gTX has product structure near the boundary
li.e., g7 verifies (0.9)], then by Theorem 3.4, || - ||dReSt He(X.Y1.F) does not depend on g7%,

and from (0.11), || - ||§Z;ZI{(X’Y1 P does notdepend on f, V f, showing that it is a topological

invariant. In fact by the same argument as in [15, Theorem 9.3], || - ||3£{7{f. (X.Y\.F) is again
equal to the Reidemeister metric (cf. Def. 1.7) on det H*(X, Y|, F)) which is a topological
invariant. Note that (0.11) can not be directly obtained by passing to the doubled manifold
and applying [5], as (2.3) does not hold in general. The anomaly formula, Theorem 3.4, plays
arole here.

Remark 0.2 If h is flat and g7X has product structure near 3 X, then (2.3) holds for A¥ and
(0.11) reduces to

2

I 188 e x. v F 1

1og(1;fvf(’1*) = —5Tk(F)x (3X) log(2). (0.14)
Il ”detH-(X,Y],F)

This result was established in [12, Theorem 4.5], by passing to the double of X and applying
results from [7,16] and [11].

Next we explain the gluing formula for the analytic torsion.

Let Z be a m-dimensional compact manifold with boundary 0Z = Y; U V] U Y, U V3,
where Y;, V; are disjoint (possibly empty) components of dZ which we introduce to allow
different boundary conditions on ¥; and V;. We suppose that V is a closed hypersurface in the
interior of Z such that Z = Z; Uy Z», and Z{, Z; are compact manifolds with boundaries
0Z1 =V UY UVy,0Z, =V UY,U V,, respectively, cf. Fig. 1.

Fig. 1 The setting of the gluing formula

Let F be a flat complex vector bundle on Z with flat connection V¥, As above, we
define the singular cohomology groups H*(Z, Y| UY>, F), H*(Z>, Y2, F)and H*(Z,, V U
Y1, F), and the corresponding complex lines det H*(Z, Y1 U Y3, F),det H*(Z,, Y2, F) and
det H*(Z,,VUY|, F).
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1090 J. Briining, X. Ma

Let £z be a smooth triangulation of Z such that Kz induces also a smooth triangulation
of V. We denote by Kz,, Kz,, Ly,, Ky,, Ky the smooth triangulation of Z;, Z», Y1, Y>, V
induced by Kz. Then by the argument leading to (1.6), we have a short exact sequence of
complexes of dual simplicial chains

wa L

0)0—— C.(’Czl,K:yl UICv, F) —— C'(Kz,ICyl U]CYZ,F) _— C.(’CZ29’CYZ’ F)y——0,

(0.15)
which induces an exact sequence in cohomology,
= H(Z,Y1UYs, F) - H (Z2,Y2, F) > H(Z;,VUY,F) > ---. (0.16)
Recall that for an exact sequence of finite dimensional vector spaces
0> E' 2 2. 5 o, (0.17)

the complex determinant line det £ := ®;5=0(det EJ )(’”j has a canonical section oy (in
other words, det E is canonically isomorphic to C) (cf. [15, §3], [2, §1], [4, (1.4)]): we choose

; kj . . ; .
sjk € EJ such that {Sj,k}k"/:1 projects to a basis of E//Ker(8|g;), then with Agsjx =
Sj1 AN /\Sjyk].,

—1 1\
05 :=(Aks0.k) ® ((/\k5(so,k)) A (/\k51,k)) ® --® (/\kB(Snfl,k))( VedetE (0.18)

is non-vanishing and does not depend on the choice of s x.

Any Hermitian metric h£" on E?,i = 1, --- , n, induces a metric || - ||qet £ on det E. If §*
is the adjoint of § with respect to hE = @ihEi, and A := (6 + 8*)2 = §*8 + 68*, then from
[2, Theorem 1.5] (cf. [4, Theorem 1.1]), we know that

v
losllaer 2 = [ ] (det(Alg) ™% = T(E, ). (0.19)
J
We call T(E, hf) the analytic torsion of the exact sequence (E, v) associated with hE.
Thus from (0.16) and (0.18), we get the canonical section o of the complex line

MF)=(det H*(Z, Y, U Y, F))fl Qdet H*(Z1,VUY, F)@det H*(Z>,Y>, F). (0.20)
Let gTZ be a Riemannian metric on the tangent bundle 7 Z of Z, and let hF be a Hermitian
metric on F. Let x (V) be the Euler characteristic of V as in (0.6).

Let || - let ez voma.py 1 Nt mrezy vore. - | et i 2o, v, ) DE the Ray-Singer
metrics on det H*(Z, Y1 U Ys, F), det H*(Z;,V U Y1, F), det H®*(Z3, Y», F) induced by

gTZ, hF (cf. Def. 1.4). Let || - ||§(SF) be the corresponding Ray—Singer metric on A(F).
The second main result of this paper is the following gluing formula for the analytic
torsion.

Theorem 0.3 We have the identity

log (llellf}) = —rk(F)x(V)1og(@) + 2 (= 1)" ! rk(F) / BV, (021)

with B(VT21) the secondary characteristic form introduced in [6], [see (3.6)], which is zero
if V is totally geodesic in (Z, gT%).
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LetT(Z, Y UYs, gT2 hF), T(Z1,VUYy, gT%, h"), T(Z5, Ya, g7%, hT) be the associ-
ated analytic torsions which will be defined in Definition 1.3. We denote by T'(#, h”%) the
analytic torsion (in the sense of (0.19)) of the exact sequence (0.16) with L?-metrics induced
by Theorem 1.1 (d) and #° = H°(Z;, V U Yy, F). Then (0.21) can be reformulated as

T, h70) - T(Z1, VUYL, g" 2 hE) - T (22, Yo, 877, 0T
= T(Z. YUYy, gT% 1Py 27 akE0X (V) 1" Iik(F) fy BOVIZD g 2

In the same way, from (0.18), (1.7), we get the canonical section o of the complex line
MF) = (det H*(Z, F))’l ®det H*(Z,Y,, F) @ det H* (Y1, F). (0.23)
Analogously, we obtain the following result.

Theorem 0.4 We have the identity

tog (121557) = (-1 = 1)skcr) [ BT, (0.24)
Y

with B(VTZ) the secondary characteristic form introduced in [6], [see (3.6)]. This expression
is zero if Y1 is totally geodesic in (Z, gT%).

Note that we do not assume that the Hermitian metric 47 is flat nor that g7 Z has product
structure near the boundary 3 Z nornear V. If 1 is flat and g7 # has product structure near the
boundary dZ and near V, then Theorems 0.3, 0.4 have been established first in [12, Theorem
5.9] (cf. [22, Theorems 1.1, 1.2]).

This paper is organized as follows. In Sect. 1, we construct Ray—Singer metrics and Mil-
nor metrics for a flat vector bundle. In Sect. 2, we establish the comparison formula for
Ray—Singer metrics and Milnor metrics, Theorem 2.2, when the metrics have product struc-
ture near the boundary which is a special case of Theorem 0.1. In Sect. 3, we establish first
the anomaly formula of the analytic torsion, Theorem 3.4, then we prove Theorem 0.1 by
combining Theorem 2.2 with Theorem 3.4, and finally the gluing formula for the analytic
torsion, Theorems 0.3, 0.4.

A preliminary version of this paper was written in 2006, for some recent related works
see [10,21].

1 Ray-Singer metrics and Milnor metrics

This Section is organized as follows: we recall in Sect. 1.1 the construction of a simplicial
complex from a smooth trivialization. Then we explain in detail the definition of Ray—Singer
and Milnor metrics for a flat vector bundle on a compact manifold with boundary in Sects.
1.2 and 1.3, respectively.

1.1 Singular cohomology

From now on let X be a m-dimensional compact manifold with smooth boundary dX =
Y1 U Vi, where Y and V; are disjoint (possibly empty) components of 0X. Let F be a flat
complex vector bundle on X with flat connection V¥ The following presentation follows
(4,81 b)].

Let Ho (X, F*) = ®;jH;(X, F*) (resp. Ho(X, Y1, F*)) denote the singular homology
of X (resp.(X, Y1)) with coefficients in F*, and let H*(X, F) = EBjHj(X, F) (resp.
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1092 J. Briining, X. Ma

H*(X, Y1, F)) denote the singular cohomology of X (resp. (X, Y1)) with coefficients in

F.Then for 0 < j < m, we have canonical identifications
Hj(X7 F*) = (H/(X, F))*, H;(X,Y1, F*) = (H (X, Y1, F))*. (1.1)
Let K be a smooth triangulation of X, then Ky := K]y, also is a smooth triangulation

of Y. K consists of a finite set of simplexes, a, each with a fixed orientation. Let B be the
finite subset of X formed by the barycenters of the simplexes in K. Let b :  — B denote
the obvious one-to-one map. For 0 < i < m, let K' be the union of the simplexes in K of
dimension < i, such that for 0 < i < m, K' \ K1 is the union of simplexes of dimension i.

If a € K, let [a] be the real line generated by a. Let (Co (K, F*), 9) be the complex of
simplicial chains in K with values in F*. For 0 < i < m, we define

Ci(K, F*) = > [al®r Fig)- (1.2)
aeki\Ki—!

d maps C; (KC, F*) into C;_1 (KC, F*). Also, the homologies of the complexes (C, (K, F*), 9)
and (Co(K, F*)/Co(Ky, F*), d) are canonically identified with the singular homologies
Ho(X, F*) and Ho(X, Y1, F*), respectively. We also have the short exact sequence of com-

plexes
i i j

0 —— Co(K1, F*) —— Co(K, F*) —— Co(K, F*)/Co(Ky, F*) ——0.

(1.3)

The long exact sequence induced by (1.3) in homology is canonically identified with the
exact sequence of singular homologies,

= Hi(X,F*) - H;{(X, Y|, F*) > H;_1(Y|, F*) —> ---. (1.4)
If a € KC, let [a]* be the line dual to the line [a]. Let (C*(K, F), 5) be the complex dual
to the complex (Co (K, F*), d). In particular, for 0 < i < m, we have the identity
ClK,F)= > l[al" ®r Fi- (1.5)
aeki\Ki~!

Let (C*(K, K1, F), 8) be the dual complex of (Co(K, F*)/C (K1, F*), ). The cohomol-
ogy of the complexes (C*(K, F), 8) and (C*(K, K1, F), 3) is canonically identified with
H*(X, F)and H*(X, Y1, F), respectively. Then the short exact sequence of complexes

(1.6)
i ]
0——C*(K, Ky, F) ——=C*(K, F) ——=C*(Ky, F) ——0.
induces the long exact sequence of singular cohomologies,
> H (X, F)—» H Y\, F)—» HT' (X, Y1, F) > ---. (1.7)

1.2 Ray-Singer metrics

Denote by Q(X, F) = @'Z}:()QP(X’ F) = @’;ZOCOO(X, AP(T*X) ®F) the space of
smooth differential forms on X with values in F. The flat connection V" extends naturally
to a differential, ¥, on QX, F).
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Let g7¥ be a Riemannian metric on the tangent bundle T X of X, and let A be a Hermitian
metric on F. Let o(T X) be the orientation bundle of 7 X, which is a flat real line bundle on
X. Let dvy be the Riemannian volume element on (X, gTX ), then we can view dvy as a
section of A™(T*X) ® o(T X). We define a Hermitian product on (X, F) by

(0,0") = /(0, oY aarx)erdvx, (1.8)
X

for 0,0’ € Q(X, F); we denote by L%(X, A(T*X) QF) the Hilbert space obtained by
completion. Let d7* be the formal adjoint of d with respect to (1.8). Set

D =df +d*. (1.9)
Then for any p,
D? = dfaf* + a4 : QP (X, F) - QP(X, F) (1.10)

is the Hodge Laplacian associated with the pair of metrics g7* and 7.

Next we need to define self-adjoint extensions of D by elliptic boundary conditions. To
do so, we use the metric on X to identify the normal bundle n to dX in X with the orthog-
onal complement of 79X in T X|yx. Denote by e, the inward pointing unit normal vector
field along 9X, and by e" its dual vector. We use i(-) for interior and w(-) for exterior
multiplication.

Let le’d(X, Y1, F) be the subspace of Q7 (X, F) defined by

QX Y1, F):={o € Q"(X, F); w(e™)o =0onY|, i(en)o =0onVi}. (1.11)
Then the restriction of the operator D on Q{;d(X , Y1, F) is self-adjoint.
In the same way, we define di p2 (X, Y1, F) the subspace of QP (X, F) by

di (X, Y1, F) = {0 € QP(X, F); we™o = w(e™)(d o) =00onY],
’ (1.12)
i(en)o = i(en)(dFo) = 0on Vl} .

Set
Dy = D2|de‘nz(x,yl,F). (1.13)

Thus ng is the operator D? with the relative boundary condition on ¥; and the absolute
boundary condition on V1, and it is essentially self-adjoint.
We define the space of harmonic forms 77 (X, Y1, F) by

HP(X, Yy, F) = {a € Ql, (X, Y1, F); D’ = 0]. (1.14)

Let I be a smooth triangulation of X as in Sect. 1.1. We define the de Rham map P :
QX,F)— C*(K, F) by

Poo(a)(a):/o foro € Q(X, F),a € Co(K, F*). (1.15)
a
Theorem 1.1 (Hodge decomposition theorem)

(a) We have
AP (X, Y1, F) = Ker(d") NKer(d™) N QLy(X, Y1, F). (1.16)
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1094 J. Briining, X. Ma

(b) The spaces 7P (X, Y1, F) are finite dimensional.
(c¢) We have the orthogonal decompositions

QP (X, Y1, F)=27 (X, V), F)®d" (95; ‘o, p))ed"™ (2o, F)),
(1.17a)

LAX, AP(T*X) ® F) = 27 (X, Y1, F) @ d” (20, (X. 11, F) (1.17b)

® d" (2 . n. P).

Here — denotes the L2-closure.
(d) The inclusion 1 = #P(X,Y,, F) — Ker(dF) N Q (X, Y1, F) composed with the de
Rham map P~, maps into the space of cocycles in C P(KC, K1, F), and we obtain an

isomorphism
Poo : P (X, Y, F) > HP (X, Y, F). (1.18)
Proof 1f KF is flat, this result was proved in [18, Prop. 4.2, Corollary 5.7] (cf. [16, p. 239],
[12, Theorem 1.10]), the same proof works in the general case here. O
Fori e R,0 < p < m,set
Ef(x, v, F) =0 eQl (X, 71, F): Do =40, (1.19)

Let P be the orthogonal projection from (X, F) onto 57 (X, Y1, F) with respect to the
Hermitian product (1.8). Set ij =1—Pypr.Let N be the number operator of Q (X, F),i.e., N
acts as multiplication by p on Q7 (X, F). We denote the supertrace by Tr[-] := Tr[(— DV

Let exp(—thd) be the heat semi-group of ng, with ng from (1.13).

Definition 1.2 For u € C, Re(u) > %m set

0F (u) := —Tr, [N(ng)_upﬁlf]

(1.20)

1 dt
0

0F (1) extends to a meromorphic function of # € C which is holomorphic at u = 0 in view
of Theorem 3.2 (cf. also [19]).

Definition 1.3 The Ray-Singer analytic torsion 7' (X, Y7, gTX JhE ) of F (with the relative
boundary condition on Y| and the absolute boundary condition on Vi) is defined by

X 1907
T(X, Y, g™, nfy :=exp ET(O) (1.21)
Let det H*(X, Y1, F) be the complex line defined by
" ) (=1)J
det H* (X, Y1, F) :== Q) (det HI (X, Y1, F)) . (1.22)
j=0

By the identification in Theorem 1.1 (d), H*(X, Y1, F) inherits a L2-metric R XY F) from
the Hermitian product (1.8) on Q(X, F). Let | - |§§t He(X.Y,.F) be the corresponding metric
ondet H*(X, Y1, F). '
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Definition 1.4 The Ray—Singer metric ||~||dReSl He
is defined by

(X.v,.F)On the complex linedet H* (X, Y1, F)

RS . L? TX pF
I Naet 5o x. vy 7y *= | gt e vy, ) TX, Y1008 h7). (1.23)

1.3 Milnor metrics and Reidemeister metrics

Let f be a Morse function on X. Let f|3x be the restriction of f on dX. Set
B={xeX;df(x) =0}, By={xecdX;d(flox)(x)=0}. (1.24)

For x € B, let ind(x) be the index of f at x, i.e., the number of negative eigenvalues of the
quadratic form d? fx)onTX.
Consider the differential equation

ay _
Y Vi), (1.25)

and denote by (1) the associated flow. For x € B, the unstable cell W (x) and the stable
cell W¥(x) of x are defined by

W (x) = [y €X; lim 4 (y) =x] :

(1.26)
Wi (x) = [y € X; lim v(y) =x] .
t—+00
The Smale transversality conditions [20] require that
forx,y € B,x #y, W*(x) and W*(y) intersect transversally. (1.27)

Lemma 1.5 There exists a Morse function f on X such that f|yx is a Morse function on
0X, By = BN JX, and for x € By, the restriction of dzf(x) to the normal bundle n to
39X in X verifies d®f (x)|n > 0. Moreover, there exists a gradient vector field V f of f
(defined by some metric '~ on X), verifying the Smale transversality conditions (1.27) and
Vflax € ToX.

Proof We have a natural Z,-action on X := X Uyyx X, and 8X is the fixed point set of
the Z,-action. By the proof of [5, Theorem 1.10], we can construct a Z»-invariant Morse

function f : X — R and a Z-invariant metric gOT X on TX such that if V f is the corre-
sponding gradient vector field of f, then V f verifies the Smale transversality conditions and
V flax € TdaX, moreover, if x € dX is a critical point of f, then dzf(x)ln > 0.So flax is
also a Morse function on 0X. O

From now on, we fix a Morse function f on X fulfilling the conditions of Lemma 1.5.
Forx € BNYj, set

W ()= Wh@) Ny, W () =W @) N (1.28)

As dzf(x)ln > 0, for x € By, and V f|yx € ToX, we know that V f|yx verifies also the
Smale transversality conditions (1.27).
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For x € B, we denote (as in Sect. 1.1) by [W*(x)] the real line generated by W*(x), and
by [W*(x)]* the dual line. Set

C;wW'.FH= P WwleF,
x€B,ind(x)=j
(1.29)
C;wy. )= P IWWIeF;.

xeBNYq, ind(x)=j

There isamap 8 : C;(W", F*) — C,;_((W", F*) with 9% = 0, which defines the Thom—
Smale complex (Co(W*, F*), d) (cf. [20], [1, Chap. 7], [4, (1.30)]). This complex calcu-
lates the homology H, (X, F*) (cf. [4, Theorem 1.6]). As d” f(x)|, > 0, for x € By, and
Vflax € ToX, we know that

8Cj(W¢1,F*) CCj_l(ng,F*), (1.30)
thus the Thom-Smale complex (C.(W"l, F*), d) is a sub-complex of (Co(W", F*), d).
As in Sect. 1.1, let (C*(W", F),g) and (C'(W”l, F),5), be the dual complex of
(Co(W*, F*),d) and (C.(W)'fl, F*), ), respectively. Then the complexes (C*(W¥, F), 5)

and (C’(W”l ,F), 5) calculate the cohomology H*(X, F) and H*(Y1, F).
Let ; be the natural morphism of complexes

J:C (W F) > C*(Wy,, F). (1.31)
Define
C*(W"/Wy,, F) := Ker, (1.32)
and denote by H*(C*(W"/ Wy , F), 9) the cohomology of the complex (C*(W*/ Wy, F),
d). Then by standard arguments we get a canonical isomorphism
H*(C*(W"/ W}, F),0) ~ H*(X, Y, F). (1.33)

The metric hf (x € B) determines a metric on C*(W*", F) such that the elements
[W*(x)]* ® Fy are mutually orthogonal in C*(W¥, F), andif x € B, w € Fy
W' ()" @ w| = |wlye - (1.34)
Let A€W/ Wi F) be the metric on C*(W"/Wy, , F) induced by the metric on C*(W", F).
Finally, let || - [lget co(w W) be the metric on the complex line

" . (=i
detC* (W /Wi F) = Q) (det ClW" W, F)) (1.35)
j=0

associated with the metric A% (cf. also [4, §1a)]).
Consider now a complex of finite dimensional vector spaces over C

0-E' 2% S o, (1.36)

with cohomology groups HI(E):= H/(E,$) := Ker(8|g;)/Im(8|gj-1). As in the special
(0.17), there is a canonical isomorphism

n n
detE := ®(det ENHEY ~ det H(E) := ®(det HI(E)—Y (1.37)
j=0 j=0

@ Springer



On the gluing formula for the analytic torsion 1097

which is defined as follow: if 0 # s; € det(E/ /Ker(8];)), 0 # 11 ; € det H/ (E), then

det E 350 @ 110 ® (3(s0) A1 As) L ® -+ ® (8(su_1) A ) D"

— o @uy @ ® (u) T € det HU(E). (1.38)

As in [4, Definiton 1.9], we can define the Milnor metric.
Definition 1.6 Let | - ||éZ{7_1]: (X.Y1.F) be the metric on det H*(X, Y1, F) corri/ls%);lding to
Il - ”detco(Wu/W)l;I’F) via the canonical isomorphism in (1.38). The metric || - || 3¢ He(X.1\.F)

will be called a Milnor metric.

In the same way, for the complex (C*(IC, Ky, F), 5) in Sect. 1.1, let || - [ldet co (k. 4, F) b€
the metric on the complex line
m
det C*(K, K1, F) = (R)(det C/ (K, K1, F))™ (1.39)
j=0

associated with the metric A (cf. also [4, §1a)]). As in [4, Definiton 1.4], we can define the
Reidemeister metric.

Definition 1.7 The Reidemeister metric || - || {fét’%. (X.v,.F) N det H*(X, Y1, F) is the metric

corresponding to || - |ldet c* (k. k;, F) Via the canonical isomorphism in (1.38).

Remark 1.8 (1) The Milnor metric does not depend on the choice of Riemannian metric
g7 on X, it depends only on the vector field V f and the Hermitian metric 2* on F.

(i) IfA¥ is unimodular, then as in [4, Remark 1.10], [15, Theorem 9.3], || - IIQQZI{(X Y1, F)

does not depend on V f and is equal to the Reidemeister metric || - ||§ét’§1.(X.Y1 F)
which does not depend on the choice of the triangulation /.

2 Comparison of Ray-Singer metrics and Milnor metrics

This Section is organized as follows: we explain first the doubling formula for the analytic
torsion and for the Milnor metric in Sects. 2.1, 2.2, respectively. In Sect. 2.3, we compare
the Ray—Singer and Milnor metrics by applying [5, Theorem 0.2] to the doubled manifold,
thus we establish Theorem 0.1 under the assumptions (2.1) and (2.3).

We use the notation introduced in Sect. 1.

2.1 Doubling formula for the analytic torsion

We assume that gTX has product structure near the boundary 0 X, i.e., there exists a neighbor-
hood U, of dX and an identification d X x [0, e[— U,, such that for (y, x,,,) € dX x [0, ¢,

g M = dxy ® 8" ). @.1)
This condition insures that the manifold X := X Uy, X has the canonical Riemannian metric
gT% = gTX Uy, g7, The natural involution on X will be denoted by ¢, it generates a

Zp-action on X. Let Je: X — X be the natural inclusion into the k-th factor, k = 1, 2, which
identifies X with ji (X). For simplicity, we will write X := jj(X)

We trivialize F on U, using the parallel transport along the curve [0, 1[> u — (v, ue)
defined by the connection V¥, then, as V¥ is flat, we have

(F, VO y, =72 (Flax, VFox), 2.2)
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where 77, : X x [0, e[~ 90X is the obvious projection. We assume that
ht =nanl3x  on U, (2.3)

which is true for flat A¥. However, (2.3) does not follow from the product structure (2.1)
alone.

Denote by C*, C™ the trivial and the nontrivial one dimensional complex Z;-representa-
tion, respectively, and let 1¢+, 1¢c- be their unit elements. B

Let F := F Uy, F be the flat complex vector bundle with Hermitian metric hf on
X := X Uy, X induced by (F, h). Consider E/ (X, F) defined in analogy with (1.19) as a
Z»-space under the Zp-action induced by ¢. As in [5, §2a)], we can then define the Z;-equi-
variant analytic torsion T(i, gTX hF)(g) for g € Z» by replacing 6F (u) in (1.20) by

6F (u) == —Tr, [gN(Bgd)—" P;F] , (2.4)

where Et%d’ P;zf; are the corresponding operator and orthogonal projector on X with the

absolute boundary condition on aX.
Let T(X, gTX, nfy := T (X, 0, g7%, h') be the analytic torsion of F (with the absolute
boundary condition on 9 X).

Proposition 2.1 (Doubling formula for the analytic torsion). For . € R, we have a Z;-equi-
variant isometry

¢:EJ(X,F) — EJ(X,F)®C* ® E/(X,Y1,F)®C",

~ 2 2 2.5)
(o) = % (0 +¢"0)Ix ®lc+ + % (0 —¢*0) Ix ® lc-.

In particular, with x the nontrivial character of Zy, we have for g € 7,
log T'(X, g™, hF)(g) = log T'(X, g%, h) + x() log T(X, Y1, ™%, k). (2.6)

Proof 1t is easy to see that ¢ is well defined and injective from (1.12). To prove the surjec-
tivity, we need to show that for w € E (X, F), w=wonX,and ® = ¢*w on ¢(X) is a
smooth form on X with coefficients in F and thus @ € EF (X, F). If h¥ is flat, this result
was proved in [12, Proposition 1.27], the same proof works in the general case. O

2.2 Doubling formula for the Milnor metric

Let f be a Morse function on X which is induced by a Z-equivariant Morse function f on
X = X Upx X, as in the proof of Lemma 1.5, such that f induces a Morse function on X
with critical set B = {x € X;df(x) =0}. Let wH (x) be the unstable set of x € B C X.We
also have a Zj-equivariant isomorphism of complexes

y:C*W F)®Ct & C*(W"/Wy ,F)®C™ — C*(W", F), (2.7)
given by
V2 _ V2
y ®lce &b @ 1c) = 2 (Grhe +Gh%t) + (G - Ghe)),
(2.8)
which induces a Z-isomorphism

y H*X,F)Ct® H*(X,Y,,F) @ C” — H*(X, F). (2.9)
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Note that as complex vector spaces, we have
W= P IWOIreF,
X€B, ind(x)=j

cwywy,. -y = P WIS F.
xeB\Yy,ind(x)=j

(2.10)

By (1.34), (2.8), y is an isometry from C/(W"/Wy , F) @ C* & C/(W"/ Wy, F) ® C~
into C'(W”, f) such that for a* € [W"(x)]* ® F, with x € Y{, we have
y(a@* ® lgot) = v2a*. (2.11)

Thus the linear map y in (2.8) is not an isometry.

Let C'(}jV“,NF)i and H'AgXﬂ,vF)jE be the +1-eigenspaces of the Zy-action induced by
¢ on C*(W", F) and H®(X, F); then H*(X, F)* is the cohomology of the complex
(ce(w, F)*,9). Following [5, (1.10)], we define

det (H*(X, F), Z,) = det (H*(X, F)T) ® C* @ det (H*(X, F)") ® C™. (2.12)

Let || - llge co(ipn, )= be the metric on det H*(X, F)* defined as in Definition 1.6. For

n = (U, u2) € det(H'()~(, f), Z»), g € Zp, and yx the nontrivial character of Z;, we
introduce the equivariant Milnor metric by (cf. Definition 1.6 and [5, Definition 1.1])

M,V
log (It i 7.2, (@) =102 11 laeg oo e, 7y + X (@108 |2l oo, 7y (213)

Now 5 y in (2.5), (2.9) induce isomorphisms
Y —1 . ge/yv I\t °
) CH*(X,F)" — H*(X, F),
o7 . . (2.14)
$2, v, H(X,F)” — H*(X, Y1, F).

From Definition 1.6, (2.11),(2.13) and (2.14), we getfor u = (1, n2) € det(H'()~(, IE), Z»),
8 € Ly,

M,V f
log (Ilulldet(H.(;?,f),zz)) &)

! ind(x)
= log@ X (=D™MPrk(F)
xeBNY;

— M,V f — M,V
+log Iy il e py T X @108 1vs 2l oy by (219

2.3 Comparison of Ray—Singer metrics and Milnor metrics

We use the notation explained in the Sect. 0. Let x(0X), x (Y1), and x (V) be the Euler
characteristics of d X, Y1, and Vi, respectively, and define by

x (Y1, F) = (=) dim B/ (Y, F), 2.16)
J
the Euler characteristic of Y; with coefficients in F. Then from (1.5) (cf. also [6, Theorem
3.2]), we deduce that

x (Y1, F) = tk(F)x (Y1) = tk(F) >~ (=)™, 2.17)
xeBNY)

@ Springer



1100 J. Briining, X. Ma

As an application of [5, Theorem 0.2], we will establish the following formula which is a
special case of Theorem 0.1.

Theorem 2.2 If g7 and h* have product structure near the boundary 9 X, [i.e., (2.1), (2.3)
are verified], we have the identity

2
IR . *
log (W —— / OF, hiF)(Y £y (TX, VT5)

Il - ”det H*(X,Y|,F) X

+ %/G(F,hFWf)*erl,v”l)
Y (2.18)
- %/e(F,hF><Vf)*1/f(TV1,VTVI)

Vi
1
— 5rk(F)x(8X) log 2.

Proof Assume first that f is a Morse function on X induced by a Zs-equivariant Morse
function f on X = X Uyx X as in the proof of Lemma 1.5.
By Proposition 2.1 for A = 0, we have a natural isometry of Z-vector spaces

é:#X, F)— #X,F)QCt® #(X,Y,,F)®C",

2 2 (2.19)
p(o) = f (o +¢*0) |X+§ (o —*0) Ix.

By Theorem 1.1 (d), we can canonically identify the three terms in (2.19) with the corre-
sponding elements in the cohomology groups H’()?, f), H*(X, F)and H*(X, Y1, F).

We denote by C, (VT/”/W“ f*) = EBxeB\Y] [W"(x)]® j‘:* We use the notation P, for
the de Rham map (cf. [4, Deﬁmtlon 2.8, Theorem 2.9]) in the identification (1.18) which
commutes with ¢*. Thus by (2.9), (2.14) and (2.19), for o € H‘(X F)

~ V2
(Yo Pxodro Pool)(a)|c.(w;l,F*) =5 v+ ¢’*U)|C.(W}‘11,F*) = 20lc.wy F),
-l
(Yo PxopoP )(G)lc.(W"/Wﬁl,F*) = U|C.(VT/"/W;’1 - (2.20)
Set
L =yoPxodoPl : H* X, F)* - H*(X, F)*~. (2.21)
By (2.20), we get

m i m

(=1’ (=1
H (det T+|Hj(}?7f)+) — X (YDk(F) H (det 7—|Hj()?,f)*) =1. (222
j=0 j=0

Let|- |det(H.()~(’ﬁ)i) be the L2-metric on det (H'()~(, F)i). Then according to [5, Definition

2.3], for u = (1, u2) € det(H*(X, F), Z») (as in (2.12)), g € Zo, the equivariant Ray—
Singer metric is defined by

RS -~
tog (I1ES e 7. 7,20, ) (€)= 108 111 aca(ire 5.7+
+X(8) 108 |12 gy (e .7y +log T (X, g7%.0") (o).
(2.23)

@ Springer



On the gluing formula for the analytic torsion 1101

By (2.6), (2.19) and (2.23), for 1 = (i1, u2) € det(H*(X. F), Z2), g € Za.

R e RS
10g (14185 i 7.22y) ©) = 102 11115 rocx. 1)

+ X (@) 1og 2121183 1+ x. v - (2.24)

By (2.15), (2.17), (2.20), (2.22) and (2.24), for g € Z; and y the nontrivial character,
2

I Wt 7. 7220 18 e\
log [ — S ELED ) (g) — 5 (¥))rk(F) log(2) + log [ —— i)
Vet . 7.2 | Naet s )

(2.25)

1S v Y

et H*(X,Yq,

+ x(8) log(w) .
" et He (X, Y, F)

As in (0.7), we denote by (T)?, vT¥ ) W(TaX, VI?X) the Mathai—Quillen current on

TX,TdX, respectively.
Assume first 0X = Y. By [4, Theorem 0.2] and [5, Theorem 0.2], we get

RS 2
log ::::‘j;é’f(’m - —/0 (ﬁhf) (V) v (T)~(, v”?),
det H*(X,F) 5
1 188 tre 7. .20 ’ P Ty (2.26)
log WHMT (9) = —/G(F,h YV Y (TY,, Vi
det(H*(X,F),Zy) Y
/
-3 3 w2 () 2]
By [14] (cf. [5, (5.53)]), we know
!
FF (%) —T/(1) = —21log(2). (2.27)
As ¢ acts as Id on F, for x € Y, the last term in (2.26) is tk(F) x (Y1) log(2).
By (2.25) and (2.26), we get (2.18), and
(n RS ey )2 s rx
log| — g7 =—/9(F, WYY Yy (T X, VT
I Nt Fiecx. F) 7 (228)
— %/Q(F, REYV Yy y(Tax, vIoXy — %rk(F)X(E)X) log(2).
X

Finally, we treat the general case, i.e., dX = Y U V. As X = Vi U Vi, by (2.28), we
get

2
- IRS < = = - =
log [ — gD ) = —/9 (F.n") v pyrw (1X.V7%)
I Mot e 2. 7 % (2.29)
—/e(F, REYV ) (T Vi, VIV — 1k (F) x (V1) log(2).
Vi
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By (2.25) for g = 1, (2.28), and (2.29), we get (2.18).

We established until now Theorem 2.2 for a special Morse function f on X induced by
a Zp-equivariant Morse function f on X. By combining this with the argument in [4, §16],
we know that Theorem 2.2 holds for any f verifying Lemma 1.5. O

3 Gluing formula for analytic torsion

This Section is organized as follows: in Sect. 3.1, we review the relative Euler class for man-
ifolds with boundary as introduced in [6, §1]. In Sect. 3.2, we establish the anomaly formula
for the analytic torsion for manifolds with boundary, Theorem 3.4. We explain that Theorem
3.4 is also a consequence of Theorem 2.2 if two couples of metrics (ggx, hg) and (ngX, h]F)
on TX and F are product metrics near the boundary. In Sect. 3.3, we establish Theorem 0.1.
In Sects. 3.4 and 3.5, we prove Theorem 0.3, and in Sect. 3.6, we prove Theorem 0.4.

3.1 The Euler class for manifolds with boundary

We use the same terminology as in Sect. 1.2, and we use freely the notation introduced in
(6, §11.

For Z,-graded algebras A, B with identity, we introduce the Z,-graded tensor product
A®B and define A := A®I,and B := I®B, and we write A := & such that AQB = AA B
the canonical isomorphism B — B will be written as @ — & = 1Qw. Let E and V be
finite dimensional real vector spaces of dimension n and /, respectively. Assume that E is
Euclidean and oriented, with oriented orthonormal basis { f;}7_, and dual basis { f i }i_, with
respect to the Euclidean metric #¥, and denote by A E* the exterior algebra of E*. Then the
Berezin integral we use is the linear map

B
/:AV*AITE\*—>AV*, anBrscs B, fa 3.1)

where the normalizing constant s givenby ¢ := (—1)"®+D/27="/2 More generally, for any

Euclidean vector space E with orientation line o(E), the Berezin integral maps AV* A AE*
into AV* ® o(E).

Let X be a m-dimensional compact manifold with boundary X := Y = Y; U V. Let
J 1 Y <> X be the natural injection. Let g7X be a metric on 7 X and denote by g7 the metric
on T'Y induced by g7X. Let VIX and V77 be the Levi-Civita connection on (7 X, g7%) and
(TY, gT7), respectively.

We only consider orthonormal frames {e; }{*_; of T X with the property that near the bound-
ary Y, e, =: ey is the inward pointing unit normal at any boundary point. We will use greek
indices to specify the induced frame of 7Y, such that {ea};n;ll denotes a local orthonormal
frame for 7'Y.

Thus if @ is a smooth section of A (7*X) we identify w with the section o1 of A(T*X)®
Aﬁ*\X), and ® will denote the section 1® @ of A(T*X )@Aﬁ*\X) as before. We will apply
the Berezin integral from (3.1) to A(T*X)@Aﬂ) and A(T* Y)@)Aﬁ"*\Y), and, for con-

B B
venience, we will denote this operation by fX and fy, respectively, cf. [6, (1.14)].
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Let {e;}/L | be an orthonormal frame of (T' X, 27Xy and let {'} be the corresponding dual
frame of T*X. Set

. 1 ~ ~
R™ =2 3" (e RT¥ej)el Al € AT X)@AXTHX), (3.2)
1<i,j<m
We define
1 17 - —
S TARCEEDY <(J*VTX)€m eﬁ>eﬁ € T*YRAN(T*Y),
p=1
. 1 — ~ o
Ry =2 > <ey, J*RTXe,;>eV NS e AXT*Y)RANTYY), (33)
1<y,6<m—1
. 1 — ~ .
R =2 > <ey, RTYe5>eV A& e AX(T*V)®AXT+Y).
1<y, 8<m—1
By [6, (1.16)], we have
RTY = RTX|y — 282, (3.4)

The Chern—Weil forms
By By

pTX RTY
e(TX, VIX) = /exp (_T) Ty, V1Y) = /exp ( - T) (3.5)
are closed and e¢(T X, VIX) is an o(T X)-valued m-form on X which represents the Euler
class of 7 X. On Y, we further introduce

o0

By .

1 . Sk
Y,VTX - _1 m—l/ (_7 RTXY) ,
en( )= (=1) exp (=5 (R"|Y) %F%H)

1 By 00 .
d 1. . S)*
B(VTX) = _/ l/exp (_7RTY _Mzsz) Z(uki)
) u 2 20z + 1)

k=1

(3.6)

Then e, (Y, VIX), B(VTX) are (m — 1)-forms on ¥ with values in the orientation line bundle
o(TY).If dim X = m is odd, then by (3.4) and (3.6),
1
ep (Y, VIX) = ey, vy erx,vi¥) =0,
3.7

By .
X\ _ Ly (5D
B(v )_/eXp( R );4k1"(k+1)'

Let Q(X, o(T X)), Q(Y, o(T X)) be the o(T X)-valued C* forms on X, Y. The algebraic
mapping cone of j* : Q(X, o(T X)) — Q(Y, o(T X)) is defined as the following object: we
put

QP(X,Y,0(TX)) = Q' (X,0o(TX)) & Q"' (Y, o(T X)), (3.8)
and define the differential by
d(o1,02) = (a1, ) o1 — d" 00); (3.9)
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then the complex (2 (X, Y, o(T X)), d) calculates the relative cohomology H® (X, Y, o(T X)).
For (o1, 02) € Q(X, Y, 0(T X)), 03 € Q(X), we define a nonsingular pairing

/ (o1,02) A 03 ::/01 /\03—/02/\1*03; (3.10)
(X.Y) X Y

this induces the Poincaré duality H*(X, Y, o(T X)) x H*(X,R) — R.
We define the relative Euler form of T X associated with V7 X

E(TX,V'X) .= (e(TX, V%), e,(Y, VIX)) € Q™(X, Y, o(T X)). (3.11)
The following result was established in [6, Theorem 1.9].

Theorem 3.1 (1) E(TX, VTX) is closed in the complex (2(X, Y, o(T X)), d) and, mod-
ulo exact forms, it does not depend on the choice of g7, i.e., the cohomology class
E(TX)=[E(TX,VT*)] e H"(X, Y, o(T X)) does not depend on g"*.

(2) Fortwo metrics gg X, ngX on T X, there exists a canonically defined secondary relative
Euler class

E(TX,VIX, vI*) e Q" \(X, Y, o(T X)) /dQ2" (X, Y, o(T X))
of T X such that
dE(TX,VIX,vIX) = E(TX,VI*) — E(TX, V[%). (3.12)
In particular, for three metrics ggx, ngX, ngX on TX, we have
E(TX,V{X, VI = E(TX, VI X, VI*) + E(TX, v[X,vI%). (3.13)

If Y = 0, then E is the Chern—Simons form associated with the Euler class of T X , as defined
in [4, (4.53)].

We will use the subscripts 0 and 1 to distinguish various objects associated with these
metrics. For example, e(TY, VOT Y VIT ¥ denotes the Chern—Simons class of smooth (1 —2)-
forms on Y with values in o(7Y), which is defined modulo exact forms and satisfies

dery, V¥, vI'y = e(ry, Vi) —e(Ty, V7). (3.14)
If dim X is odd, then we derive from (3.7), [6, (1.47)]:
ErX, vi*, v%) = (0.~ Jary, vi7, vi")). (3.15)
3.2 Anomaly formula

Recall that X is a m-dimensional compact manifold with boundary X :=Y = Y U V| with
operator ng as defined in (1.13). The Euler number of X relative to Y is defined by

X(X. Y1) = > (=1)/ dim H/ (X, ¥, 0). (3.16)
j

Note that by the Gauss—Bonnet—Chern theorem, if m is even then

x(X, Y1) = / E(TX, V'), (3.17)
(X,Y)
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and if m is odd, then
1 1
x(X,Y)) = E/e(TY, vy — 5/e(TY, vy, (3.18)
Vi Y

The following result insuring that 0F () is holomorphic at 0 [cf. (1.20)], extends [4,
Theorem 7.10] where Y = @, and [6, Theorem 4.2] where Y| = (.

Theorem 3.2 Whent — 0, we have for any k € N,

k
Try [N exp(—12Dp)] = D cjt! + 0", (3.19)
j=—1

By m
1 Lo~ 1.
c_ :Erk(F)//Ze’ A el exp (—ERTX)
X i=0
Ym—1

1 " %
+§rk(F)(/+(—1) “/)/Z" ne (3.20)

Vi Y

where

— Sk 1
D exp (—E(R”m),
=0 (3 + 1)
m
co =5 tk(F)x (X. V).

Let " : A(T*X) ® F — A(T*X) ® F* ® o(T X) be the Hodge operator defined by
(@ Ax"o)p = (0,0") ey VX (3.21)

Let * be the usual Hodge operator on A (T*X) associated with g7 X

Let (gST X h f )ser be a smooth family of metrics on 7 X and F. We add the subscript s
to denote the objects we considered which attached to (gST X hYF ). For example, || - ||det s 1S
the metric on the line bundle det F induced by 2 F".

The following result is an extension of [4, Theorem 4.14], where the case X =Y =0
was treated, and of [6, Theorem 4.5] dealing with the case Y = @.

Theorem 3.3 Ast — 0, for any k € N, we have the asymptotic estimate

k
0 h )
Trs[( —19%s +(hF) 190 )e—zbf,bd} _ Z ijstj/z_i_o(l(kﬂ)/z)’ (3.22)
Jas

35 .
Jj=—m
with
d RS 2
Mo = 5 log ((|| : ||detH.(X,yl,F),s) ) (3.23)
Proof By [6, (3.35)], as in [6, (4.10)], we have
w(e™d aly, =0 if we™oly, =0. (3.24)

With (3.24), the argument given in the proof of [6, §4] and [13, §3.4] works here as well.
Thus we get Theorem 3.3. O
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Theorem 3.4 Let (gOTX, hg) and (ngX, hf) be two couples of metrics on TX and F. If m
is even, then

2
I IRS e , 2
(derH(XW _ / log(””dietFJ) E(TX, V%)
l ”detH‘(XY1 F),0 on - lldet 7,0

+ / E(TX, VX, vI%eF, n)
(X.Y)

+1k(F) /—/ B(V*) - /—/ B(Vg *

\4 Yy Vi Yy
(3.25)

If m is odd, then

RS
og ” . “detH-(X,Yl,F),l / / ( ”detF]) e(TY VTY)
. nZRS k) 0
Il ”dReStH‘(X,Yl,F),O et 7,0

Vi1

1 _
+5 /—/ ey, vir, vIHe(F, n)

Vi Y
+ 1k (F) /B(V]TX)—/B(VOTX) : (3.26)
Y Y

Proof of Theorems 3.2 and 3.4 Clearly, the contribution from the interior of X is the same
as in the case of absolute boundary conditions. For the boundary contribution, we can again
localize near the boundary. Thus we get directly the local contribution near V; from [6, §3-
§5]. To get the contribution near Y7, notice that locally the Hodge * operator interchanges
relative and absolute boundary conditions; and it interchanges the Z,-grading on A(7*X) if
m is odd and preserves the Z-grading on A(T*X) if m is even.

We explain first how to get the contribution near Y; by using the Hodge * operator. We
denote Df;d the operator D? associated with the flat vector bundle F* ® o(T X) with the
absolute boundary condition on Y; and the relative boundary condition on V;. Then by
(6, (3.3)],

DE = +"Dg (") (3.27)
Note that if 2 is not flat, D* = *D?*%~! does not hold, cf. [4, §4g].
As the operator « has parity (—1)", and «'N &) =m—N, we get from (3.27) for
x € X near Y|,
Trg [N exp (—zng) (x, x)] = (=)™ Try [*FN exp (—tth)d) (x, x)(*F)_l]
= (—=1)"Try [>x<FN(>x<F)71 exp (—tD%(i) (x, x)]
= (=1)" Tr, [(m — Nyexp (—th}d) (x, x)] . (3.28)
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and similarly

Tr, [exp (D) (v, 0] = (=" Try [+ exp (1 DEy) (v, 1) (") 7!

= ()" Tr, [eXp (—tD§~d) (x, x)] . (3.29)

r
0k

In the same way, for Q; := (>|<f)_1 =<, with (>l<f)2 =1 we get

oy =—0, sl (3.30)

By (3.27) and (3.30), for x € X near Y,

Tr, [Qy exp (—1DE) (x, 1)] = (—=1)" Tr, [*f 0, exp (—1D,) (x, x)(*f)*l]
= (—1)" Tr, [*f 0,+F)Vexp (—rDl'jld) (x, x)]

= (1) T, [QS exp (—tz)gd) (x, x)] . (3.31)

From (3.29), we get the factor (—1)" in (3.17) and (3.18) for the contribution from Y;. From
(3.28), (3.31), we get the factor (—1)"*! in ¢_; of (3.20) and in B(VTX) of Theorem 3.4
for the contribution from Y;.

In the rest, we prefer to write down the boundary condition corresponding to (1.12) using
freely the notation in [6, §3.4, §3.5]. Let w (F, 1t be the 1-form on X with values in End(F)
defined by w(F, hF) := ()1 (VFhF). As VT X is torsion free (cf. [6, (4.8)]),

@d")* = —i(e)V,*®" —i(epw(F, ") (e)). (3.32)

For ¢ small enough, we identify X x [0, ¢) with a neighborhood % of 9X in X by using
the exponential map expy(ueu) for (y,u) € 0X x [0, ¢). For x = (v, x;) € %, let ITX,,
2T X, be obtained by parallel transport of 7Y, ny, (cf. Sect. 1.2) with respect to the connec-
tion VI X along the geodesic [0, 1] > u — (y, ux,,). Let v/TX (j = 1, 2) be the connection
on /T X induced by projection from VX Let ? VX .= V'TX g V’TX be the direct sum
connection on TX = 'TX @ 2T X with curvature *” RTX (where “sp” refers to “split”), and
set

A = vVIX _spyTX (3.33)

Then A is a 1-form on %, taking values in the skew-adjoint endomorphisms of 7'X which
exchange 17X and 2T X. Let {eq} be an orthonormal basis of 1 T X, set

AN D ey == > em. Alea)ep)w(e®ilep). (3.34)

1<a,B<m—1

We denote by VIX®F (resp. *P VTX@F) the connection on A(7*X) ® F induced by vIx
and VT (resp. spyTX and vF).
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By (3.33), V/X®F = v XOF 1 37 ek, Alej)ei) w(e)i(e;) and A(en) = 0 (cf.
[6, (1.9)]), we get on dX asin [6 (3.36)]

m—1
(e @) = =D weiten) (TVEE + w(F h" )
a=1
m—1
—w(e™)i(em) [YPVZ,,ZW AMTD (e) = > (Alea)ea. €m)

a=1
+o(F, hF)(em)] : (3.35)

Thus the boundary condition (1.12) near Y7 is equivalent to the boundary condition

w(e™owly, =0,
[z(e ) (P VX —ANTY ()= SN (Aeaeas em) o (F h)(em) )oly, = 0.
(3.36)
Let BAT™Y) be the 1-form defined by

m—1
BT (e, 1= =AM TV (e,) — D (Aleq)eqs em) + o (F, hF) (),
ag‘f (3.37)
BAMT™ ) ey == 0.

spVTX®F,A

Instead of using the connection as in [6, (3.38)], we use the connection

SpvifX@F,A .—SP VTX@F + BA(T*Y) (3.38)

in trivializing near the boundary, as in [6, §3.5]. Then for yo € Y], we get the corresponding
model problem on R} := R % Ry (cf. [6, Theorem 3.8]) in the form

m—1 2
a a . 2 Z 0

with boundary condition

’ w(eMolz,—0 =0, (3.40)

Ve, i(em)®|z, =0 = 0.
To conclude the final computation, we need to use the Sommerfeld formula which is the

explicit solution of our model problem (3.39) and (3.40) (cf. [6, Prop. 3.21]). As in [6,
(3.132)], for yy € Y7, let

O(t,z, w) =: Qrw(e™) + Qzilen) + Q3 w(e™)i(en) + Qsilen)w(e™), (3.41)

with Q; € (A(T*Y)@ATTTY) ® End(F))yO, 7 = (z/,zm)7 w = (u}’, Wpy) € R’Jﬁ, t >0,
be the fundamental solution of the following problem with respect to the Euclidean volume
form dvr, x (w) on (Ty, X, gl Xy,

w(e™)wlz,=0 =0,
i(em)[Ve, — S(yo)lwlz,=0 =0, (3.42)
(8% + AT“OX) w=0.
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For 7/, w' € R™™! get
m— /a2
K, 2w = G~ exp (= E30T), (343)

and define Fp;,, F_g asin [6, (3.121), (3.122)]. By separation of variables as in [6, (3.135)],
we get

03(t,z,w) = K(1, 2", w)F_5(t, Zm, wm),

3.44
O4(t, z, w) = K(t, Z/vw/)FDir(t9Zrnawm)~ ( )

Now for yg € Y1, the analogue of [6, (3.128), (3.133)] holds, thus we get the contribution of
Y1 in (3.17) and (3.18) with a factor (—1)™. In this way, we get a heat kernel proof of (3.17)
and (3.18).

From [6, (4.23a), (4.34)] and (3.44), we get as in [6, (4.35)], the analogue of [6, Lemma
4.7], i.e., we have for yg € Y

. 2 7 I oy S (S
lll_f)f(l)dUY(Y)Ht()’O) = —;rk(F) / exXp (—E(RS |Y)y0) ; m» (3.45)

(cf. [6, (4.27)] for the notation). Thus we get the term B(VTX) on Y, with a factor (—1)"*!
in Theorem 3.4.

To establish the corresponding formula of [6, §5], we still define the operators By, Dlz,
oiﬂt(o) acting on the smooth sections of F := A(C(ds ® ds)QA(T*X) ® F on X as in [6,
(5.3)]. We denote by .Z, (bd the operator associated with .,2@(0) and the following boundary
condition for o € C®(X, F),

( )U = ( ) d — 71 ds N % ! SG =0 on
1(e e o N V N
" " 2\/; s as !

1 0%
Mo = w(e™) (dFo + ——=ds A #]1——
we")o = w(e )( O+2\/? SN Ky a5

Then we have the analogue of [6, Theorem 5.2],

(3.46)

a) =0 onY;.

9 1Tr, —18 S oD || = Tr [ Zia1dsds. (3.47)
at as

Next, from the proof of [18, Lemma 5.12, p.192-193] we have

i(en)d” / dn / —E=D% (x y)i(en)o (dvy () TEE Zien)o (xo).

YeV)

t
x—>xp€Y]

w(e™)dr* / dti / e D (x, yyw(e™o (ydvy (v) TS w(e™)o (x0). (3.48)
0 y€Y1

Now for yp € Y, we will get the limit operator 583) by replacing -8 by S in E(()S) of
[6, Theorem 5.5], but with the boundary condition (3.40). In this way, we find again the
factor (—1)™ for the relative Euler classes and the factor (—1)”*! for B(VT¥) from the
boundary contributions of Y. O
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Instead of deriving Theorem 3.4 from the same arguments as used for Theorem 3.2, we
will follow a different route, namely to use Theorem 2.2. Thus we will carry out two steps:
first, we deform the given metrics (gg X hg ) and (g]TX s hf ) to product metrics, then we
compare the Milnor metrics depending only on A%, hf: , and we evaluate the left hand side
of Theorem 3.4 by Theorem 2.2.

Step 1 Given a pair of metrics (¢7%, k'), by using the exponential map starting from the
boundary along the normal direction, there exist a neighborhood U, of Y, and an identification
dX x [0, e[— U,, such that for (y, x,;,) € Y x [0, €[, (0.8) holds. We trivialize F on U, using
the parallel transport with respect to the connection V¥ along the curve [0, 1[> u — (y, ue).
Then on U, we have (2.2), but (2.3) need not hold. Thus we fix the metric g7 X, and deform
the metric 2% to a Hermitian metric hg such that (2.3) is verified for hg . Theorem 3.4 for
the metric pairs (gTX, Kty and (gTX, hg) follows as in [6, (4.22b)].

It remains to deform the metric g7 X to the metric g7 ¥ in (0.9), while fixing the metric
hg above satisfying (2.3). Thus we assume that the families gST X hf (s € [0, 1]) featuring
in the above analysis are defined by the equation

g =g 1 -9g™,  nF=nf. (3.49)
The argument in [6, §4.4] shows Theorem 3.4 for the metrics (gTX, hg) and (§TX, hg) in
(3.49).

Step 2 From Theorem 3.1 and Step 1, we reduce the proof of Theorem 3.4 to the product case,
i.e., we assume that (g]TX, hf) and (gOTX, hg) verify (2.1) and (2.3) (which need not hold,
however, in the same identification U, >~ 90X x [0, ¢[). We apply Theorem 2.2 by choosing
a Morse function f on X induced by a Z,-equivariant Morse function f on X = X Uy X
as in the proof of Lemma 1.5, cf. Section 2.2. Set

2
ho = log (””‘17"””) . (3.50)
I - llaet 7,0
By (1.32), (1.35) and (3.50),
A ’
log( j;tg]:(X,YlyF),l) _ Z h()(x) (_l)ind(x). (351)
- ”de£ H*(X,Y|,F),0 XEB,x¢Y)

Note that by (3.50), dhg = 6(F, hf) —0(F, hg). Thus from Theorem 2.2, (0.5), (3.50)
and (3.51) we get

2
115
m(g;” LD ) — — [ o (v )y (T X, 5F)

Il ||detH’(X,Y1,F),O

- /X OCF. )V (W (T X, YY) = (X, V()

1
-3 /_/ Q(F,th)(Vf)*(lﬁ(TYv Vi -y (Y, VOTY))

Vi Y]
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1
-3 /—/ dho (VY4 (TY, V)

Vi Y1
+ D ho() (=DM (3.52)
xeB,x¢Y

We identify each term in (3.52). At first, by [4, (3.34), (6.1)] we know that, as a currenton Y,

d"(VYTY. V) = ey, Vi) = D> (—)™MWs,, (3.53a)

xeB,xeY

(V)" (w(Ty, vy —y(TY, VOTY)) — (Y, VY, VTV )is exact.  (3.53b)

Let ngY, gOTY be the Zj-invariant metrics on the double X = X Uyx X induced by
g1 %, g¢X. Let F be the flat vector bundle on X induced by F. We denote by || - ||y, 7.;
(i =0, 1) the Zy-invariant metrics on det F over X induced by | - [|det F.i-

By (3.50) and the analogue of (3.53a) for (V f)*y (T X, VOTY), we get

X || : ”detf,o

/ho (e(TX, ViE) = S (e,

X xeB

+% > (—1)i“d<X>5X). (3.54)

xeBNIX

2
- /X dho (V)" ¥ (TX, Vi ¥) = —% /, dlog(w‘w) (VY (TX, V)

We verity first that the total contribution of terms in (3.52) localized in B vanishes in view
of (3.53a) and (3.54). Thus

I 158 ’
log(W) _ / ho e(T X, VIX)

det H*(X,Y),F).0 ¥

= [0 D@ (x5 = g v

X

1 N
+5 /—/ [ho e(TY, VI +e(Ty, vIY , vIV)a(F, hf ]
Vi i

(3.55)

SO we stianeed to identify the second term in (3.55). -
Let g7X (s € [0, 1]) be a family of Z,-invariant metrics connecting g7 ¥, gI'X. Then

/ OF, h))(V ) (W (T X, YY) = y(TX, Vi)

X
- %/G(f,hf)'e“(TY, vIx) :/Q(F,hf)'e“(Tx, v, (3.56)
X X
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From this we see that the first two terms in (3.55) vanish if m is odd and the last two terms
vanish if m is even.
As the metric gST X is Z,-invariant under the action of ¢, and 0 X is the fixed point set, 9 X

is totally geodesic in (X, gST Y) and the second fundamental form is zero. By using [6, (1.4)]
asin [6, p. 777, line 6, (1.25)], we see that S=0. Hence, as in [6, (4.37)] we see that, with
the notation of [6, (1.17), (1.45)], if m is even,

en(TX, V%) =0, e, vI¥)=o. (3.57)
From Theorem 2.2, (3.11) and (3.55) to (3.57), we get Theorem 3.4 in the product case.

3.3 Proof of Theorem 0.1

We establish first Theorem 0.1 when the metric g7 X verifies (2.1) and a general metric ht
on F.

Let hg be a Hermitian metric on F such that (2.3) holds on 0X x [0, ¢[. We will add a
subscript 0 to indicate the objects corresponding to g7 ¥, hg . Now the function &g in (3.50)
is defined by hf = hf and hg

Note that when m is even, by (3.6), e, (Y, vTXy =0,as $=0if g7 X verifies (2.1). Thus
by Theorems 2.2, 3.4, (2.1), (3.7) and (3.51),

2
I 188 e o, F
log(ﬁfvf('l’) = —/9<F1 hg) (VO Y (TX, V')

I “det H*(X,Y1,F) %
1
+5/¥MRh€XVfﬁ¢(Tm,VT“)
Y
1
—E/QMRhSXVwafTw,VT“)
Vi

1
—Erk(F)x(aX) 10g2+/h0e(TX, \ZRS

X

1 TY

+§ - hoe(TY,V'")

Vi Y

— > hoGx)(=D)MW. (3.58)

XEB,x¢Y)
For T > 0, set (cf. [4, (3.47)])
1 T
Br = ERTXJFﬁZel AVIXVf 4+ Tldf)%. (3.59)

i=1

By [4, Def. 3.6, Remark 3.8], (Vf)*y (T X, vIXyisa locally integrable current on X with
values in o(T X)), which is smooth on X \ B, with B in (1.24), and

Bx

T d
(V)Y Y (TX, VX :O/dT/ fTexp(—BT). (3.60)

2
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By (2.1), (3.59) and V f|3x € T9X, the coefficient of ¢ in J¥Br is zero on 9 X, thus

By
J*/ﬁexp(—BT) =0, J*(VHYTX,VI¥Y=0 ondX =Y. (3.61)

By the same proof of [4, (3.60)], we get in the sense of distributions

Bx

4 1 .
. _ ind(x) d(x)
Tll_r)noo/exp(—BT) = E (=m0 — 3 E (=DHMmas (3.62)

X€EB xeBNIX

By the equation above (3.52), (3.61) and (3.62), we get an extension of (3.54),

[ (o0t~ o) wpywarx. v

X

= / dho (Vf)*¢(TX, V%) = — / hod(V f)*y (T X, VI X)
X

X
_ —/ho[e(TX, VX)) = 37 (i, +% > (—1)i“d<x>5x]. (3.63)

X xeB xXeBNIX

By (3.53a), (3.58) and (3.63), we get Theorem 0.1 if g7 X verifies (2.1).

For a general metric g7 ¥, we introduce g7 X as in (0.9), by combining Theorem 0.1 for
(;;’TX, hF), and Theorem 3.4 for the two couples of metrics (gTX, KT and (gTX, hF), and
the fact that 7% = g7X on 39X, we get Theorem 0.1 for (g7 X, h7).

Remark 3.5 We denote by 2? the fibers of the fibration X x R — R, and denote by g”? a
metric on T X such that gTXIXX{S} = gSTX with gsTX =1 -5)8"X +s5¢"X fors € [0, 1].

Then the canonical connection VI'X on TX is (cf [4, (4.50)])
VT)~( —vTX 4 gs (3 + l(grx)—ling) (3.64)
s 9s 277 s ) '
By again the argument in [4, Theorem 3.18], we geton X x R,
dOR (TR, VT
~ = ) 1 .
= (X V) = 3 (=M sgar + 5 D0 DM Vsgm. (3.65)
xeB xeBNIX
Integrating the coefficient of ds in (3.65) on [0, 1], we get
/ d
WX = d¥ [dsi(5 )@ PR v
s
0
= (VA TX, VT &1 X, vIY). (3.66)
We compute the second term in (3.66). From (3.64), the analogy of (3.59) for TX is

IO i
Br = SR™ 4 VT 3 ¢ AVIXVS 4TS, (3.67)

i=1
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Let 7 : Y x R - X x R be the natural embedding. By [6, Lemma 1.7 and (1.16)], for
s €[0,1]

m—1
"*RT ¥ x{s} =RTY 4 25°8% 45 Z<ea, j*RTXem>eT" Aem +2ds ASAem. (3.68)
a=1

As V flax € TaX, from [6, (1.14)], (3.60), (3.67) and (3.68), we get finally on Y,

BYA

/ dsz(—n V(TR vTE) = _1/2/dT/

I‘TY f — o 5 o0 (_1)k$~2k+l
_CRTY @ AVIYYf ) 2
Xexp( SR T;e AVIVV f — T|df] g worcn G

We could not see directly whether the final formula in (3.69) is exact on 9 X. Thus we prefer
to state Theorem 0.1 by using the current (V f)*y (T X, VI X),

3.4 Theorem 0.3: product case

We use the notation from the Introduction. We assume first that g7Z and h¥ have product
structure near 0Z and V, i.e., (2.1) and (2.3) hold near 9Z and V.

By the argument in the proof of [5, Theorem 1.10], we can choose a Morse function
f + Z — R in Lemma 1.5 which restricts to a Morse function on dZ U V and satisfies
Vflozuy € TOZUYV), dzf(x)|n >0forx e BN@ZUYV).

Let (C*(W7, /Wy y,» ), ), (C*(W"/ Wy iy, F). 9) and (C*(Wz,/Wy,, F), 9) be the
complexes correspondmg to(Z,VUY,F),(Z,Y1UY,, F) and (Zz, Yz, F) defined by
(1.32), respectively; then we have the following short exact sequence of complexes:

0— C*(Wgz, /Wy y,, F) = C*(W"/ Wy, y,, F) — C*(Wz, /Wy, F) — 0. (3.70)
It induces the complex (0.16), and the canonical section o of A(F) in (0.20). Let || - ||%pv)f

be the Milnor metric on A(F'). As for each degree the complex (3.70) splits isometrically, by
Definition 1.6, we have

M,V f
loliy(m” = 1. 3.71)

LetY :=09Z U V.By (2.18), we get

2

I U8 £z, ryurs, F 1

1g( A;tvf( 1UY2. F) :—EX(E)Z)rk(F)IOg(Z)
” ”detH'(Z,YlUYZ;F)

- / 0(F. WYV ) v (T2, V"7

VA

—% / OF, h"Y(V )"y (TY, VTY)

Viuv,

+% / OF, ")V £y y(TY,VTY),
YUY,

(3.72)
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- 155
) det H*(Z,,VUY|,F)

2
1
de ) = — 3 X (Z1)rk(F) log(2)
Il ||de;H-(Zl,VUY|,F)

— / OF, kY £y v (TZ, V%)

Zy

—% / OF, h"Y(V £y (TY, VTY)

Vi

2
VUuY

For the triplet (Z», Y», F), we get, again from (2.18),

2
”'”dRSHoZYF 1
IOg(W = =3 X (OZ2)k(F) log(2)

I Ndet #e (25, v, )

—/e(F,hF)(Vf>*1/f(Tz, v

Z

-3 / 6(F. i) (Y f)*y(TY, VTV

VUV,

+%/9(F,hF)(Vf)*1//(TY, vy,

Yy

+l / 0(F, h"Y(V )*v(TY, VTY).

(3.73)

(3.74)

NotethatoZ; = YUV, UV, 0Z, = Y,UV,UV.From (0.20), (3.72), and (3.74) we deduce

2 v \2
tog (lel55y,)” = tog (Jlell () = x(VIrk(F) log(2),
and (0.21) follows from (3.71), and (3.75).

3.5 Theorem 0.3: general case

(3.75)

Now assume general metrics g7 2, h¥ . Let gOT Z and hg be the metrics on 7X and F such
that (2.1), (2.3) hold near dZ and V, moreover, on dZ U V we have ggz = gTZ, hg =hF.

If m is even, then by Theorem 3.4

I 1S ? 2
1Og( “Ndet He(z1,vuri, F) ) _ / log( Il - lldet P ) BTz, v
RS = ) Vo
I Naet t7+ 2y, vuvi, /)0 I - lldet 7.0

(Z1,0Z1)

+ [ Eazvit el

(Z1,0Zy)

+1k(F) /—/ B(VTZy,

Vi 149) 4]

(3.76)
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If m is odd, then

2
(R
10g< ” : ||Rdse[H (Z1,VUY,F) — rk(F) / B(VTZI). (377)

det H*(Z,,VUY},F),0 57,

P . ”'HﬁeSLHNZ,Y,uYQ,F) : ”'HEeStH'(ZQ,Yz,F) :
We have similar equations for log { —gs——1—2*— ) andlog | —gge—2>%*— ) . Now
”'HdelH'(Z,Y]UYZ,F)O ”'HdelH'(zz,yz,F),o

observe that on V, computing $ in Z, amounts to changing the inward unit normal in Z;
such that

BV )|y = (=) 'B(VT2) |y € Q"N(V, o(TV)). (3.78)

From Theorem 0.3 for gOTZ and AL, and from (3.76)—(3.78), we get Theorem 0.3 for gT% nt.
The proof of Theorem 0.3 is complete.

3.6 Proof of Theorem 0.4

The argument for the Milnor metrics leading to (3.71) applies also to this case and gives
~ MVf _
2l =
By Theorem 2.2 and (3.79) for (Z, Y1, F), (Z, F) and (Y;, F), and arguing as in (3.72) and
(3.74), we obtain (0.24) in the product case, i.e., log(|35 5} = 0.
For general metrics, we apply the anomaly formula, Theorem 3.4, and obtain as in (3.76)
and (3.77),

(3.79)

log(I13115 5 =Tk (F) | = / + / +(=1mH! / B(V'). (3.80)

dZ 9Z\1, Yy

The proof of Theorem 0.4 is complete.
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